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In recent years, there has been growing interest in applying
Conformal Prediction to large language models (LLMs)
across diverse domains to enhance the trustworthiness
of their predictions. However, the literature still lacks a
comprehensive survey of this rapidly emerging area. Thus, to
fill this gap, this article presents a comprehensive review and
analysis of conformal prediction for LLMs. We review over
106 studies, and propose a novel taxonomy that categorises
existing methods into six groups. In addition, we observe
trends in the literature with regard to LLM, dataset, and
task selection, and make recommendations for researchers to
improve task diversity and address gaps in black-box LLM
uncertainty estimation.

Interestingly, we find that logit-free methods tend to
outperform logit-based methods, with a lower mean absolute
coverage error and prediction set size. This suggests that
logit-free methods, which rely on uncertainty signals based
on self-consistency sampling, semantic diversity, and other
methods, may sidestep known issues with mis-calibrated
token probabilities and may have advantageous robustness
to tokenisation and decoding idiosyncrasies, particularly
for open-ended generation where the performance gap is
more pronounced. This indicates that black-box uncertainty
signals may more directly capture semantic correctness or
answer stability.

We also find that on average, conformal methods for
Large Vision Language Models (LVLMs) have higher
over-coverage error than LLMs, and almost non-existent
under-coverage error, suggesting that methods for LVLMs
may be more conservative. While we do not claim a
definitive causal explanation, empirical evidence suggests
that conformal methods for LVLMs exhibit a stronger
coverage-informativeness trade-off than those for LLMs.
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1. Introduction
In recent years, there has been a surge in large language model (LLM) deployments across a
broad range of natural language processing (NLP) tasks in various critical domains, including
medicine [1], robotics [2], and law [3], where their scale and pre-training on massive corpora
give them strong generative and reasoning capabilities. However, LLMs are not infallible; they
pose serious reliability concerns in these high-stakes domains, due to their propensity to produce
overcon�dent, hallucinated, biased, or otherwise unsafe outputs [4–8]. Conformal prediction
is an uncertainty quanti�cation paradigm that provides a statistical layer for addressing
these concerns; as a model-agnostic, distribution-free calibration framework with �nite-sample
guarantees [9–12], it can wrap black-box predictors to estimate uncertainty without training
and thereby make downstream decisions more trustworthy. It has been successfully deployed
in several high-stakes settings [13–19], and in this paper, we demonstrate the success of
conformal prediction in the LLM setting. Conformal prediction improves the reliability and
safety of LLMs by controlling risks such as hallucination and toxicity, while also supporting
more ef�cient deployment through techniques such as routing and token-level calibration, which
reduce inference cost and improve token ef�ciency. Through calibrating prediction sets, selective
prediction with abstention and deferral, and reliability guarantees for diverse outputs and
information-retrieval mechanisms, conformal prediction can improve the practical accuracy of
LLMs; not by modifying the base models themselves, but by ensuring that accepted outputs are
more likely to be correct, factual, and aligned with human values and end user requirements.

(a) Review Objectives

We intend to provide a detailed over-arching overview of the �eld of conformal prediction LLM
uncertainty quanti�cation. All conformal methods we identify and that meet our inclusion criteria
will be categorised in a hierarchical taxonomy for comprehensive strati�cation and subsequently,
ease-of-navigation for academic scholars and industry practitioners interested in this research
area. We conduct an in-depth and extensive analysis of the performance of the categorised
conformal methods, as well as report on trends we observe in the literature.

• Hypothesis A. An LLM's pre-softmax outputs are called logits (see Section 3 for more
details). In general, conformal methods that exploit logits, or quantities derived from
them such as log-probabilities, are expected to produce stronger uncertainty estimates,
since logits provide a richer and more direct view of a model's con�dence than the
generated output alone. In practice, however, such information is often unavailable
for proprietary closed-source, API-based LLMs, such as OpenAI's ChatGPT. This has
motivated the development of logit-free conformal methods that rely on external signals,
such as reprompting, self-consistency sampling, or entailment scores. Whilst these
approaches are attractive because they apply to black-box models, we hypothesise
that the resulting uncertainty signal will be noisier than those obtained from logits.
In conformal terms, we expect to see a higher coverage error and larger and less
informative prediction sets when using logit-free methods.

• Hypothesis B. Large vision language models (LVLMs) extend the generation and
reasoning capabilities of LLMs to multimodal inputs by combining a visual encoder
with a language model backbone. LVLMs support multimodal tasks such as scene
and document understanding or visual question-answering, but these settings often
introduce additional sources of uncertainty arising from visual perception, cross-modal
fusion, and ambiguity in grounding text to image regions. As a result, we hypothesise
that conformal methods for LVLMs may face a more challenging calibration problem
than the text-only setting of LLMs due to these additional sources of uncertainty. In
conformal terms, we expect to see higher coverage error, particularly overcoverage
error, and larger and less informative prediction sets in vision-language tasks.
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(b) Our Contributions

Since its inception mid-2023, the �eld has seen a rise in publications, as illustrated in Figure
1. This appears to follow a linear trend, projected to continue based on the current number of
papers published in 2026. However, there is also the possibility of exponential growth, as the
number of publications in 2024 doubled in 2025. Interestingly, the majority of publications are
freely available, signifying a systemic shift with preprints identi�ed as a key contributor.

Figure 1: The number of papers published by year and their open access status, according to
OpenAlex data. We used the search terms “conformal prediction large langu-
-age models” with date range from 2023 to present (March 2026), searching on title and abstract
with stemming enabled, excluding any non-article, non-preprint, non-dissertation.

However, despite the evident growth of conformal prediction in the natural language
processing �eld, a dedicated scoping review has yet to be conducted. To address this urgent
need, this article presents the �rst comprehensive review and empirical analysis of conformal
prediction for uncertainty-aware LLMs. We make the following contributions:

• We conduct the �rst in-depth and extensive analysis of 106 papers on conformal
prediction applied to LLMs, covering the full state-of-the-art from the inception of this
�eld to the early months of 2026. We also provide a GitHub repository [20] as a structured
reference for ongoing conformal prediction research for LLMs.

• We present a novel taxonomy of conformal methods for LLM uncertainty quanti�cation
to represent the current landscape of research and practise. Speci�cally, we categorise
all existing methods into 6 groups: open-ended conformal calibration, close-ended
conformal calibration, conformal selective prediction, conformal retrieval-augmented
generation, conformal factuality, and conformal abstention.

• We conduct a comprehensive controlled performance analysis of 30 methods across our
6 taxonomy categories, on a diverse selection of tasks, datasets, user-speci�ed error rates,
and settings. We then identify the most effective methods across these heterogeneous
settings, and determine where gaps in the research landscape yet to be addressed.

• We systematically synthesise key characteristics and quantify the performances of
conformal methods designed for or applied to LLMs. Speci�cally, we examine: (1) the
language models utilised, (2) the tasks or applications explored, (3) the frameworks the
proposed methods are based on if applicable, (4) the datasets the proposed method is
evaluated on, (5) the evaluation metrics utilised.
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The remainder of this paper is structured as follows. Section 2 introduces the review focus
and research methodology adopted by this paper, as well as a comparison to previous surveys.
Section 3 provides a preliminary on large language models for readers not familiar with the �eld,
Section 4 introduces conformal prediction for readers new to the framework. Section 5 outlines
our proposed taxonomy of conformal methods for LLMs and details our performance analyses.
Section 6 examines the trends in the literature. Sections 7, 8, 9, 10, 11, and 12 survey the literature,
and �nally, Section 13 concludes the paper.

2. Review Scope and Methodology
To ensure the reproducibility of the literature selection process, this review adopts a systematic
methodology inspired by the PRISMA (Preferred Reporting Items for Systematic Reviews
and Meta-Analyses) guidelines [21]. The PRISMA framework follows a structured four-phase
process: (1) Identi�cation (searching databases with prede�ned keywords), (2) Screening
(�ltering records based on titles/abstracts), (3) Eligibility (assessing fulltext articles against
inclusion/exclusion criteria), and (4) Inclusion (�nalising selected studies). This section outlines
the research scope in detail, provides the databases, keywords, and inclusion/exclusion criteria
utilised, and describes the systematic approach used to search for, select, screen, include, exclude,
and analyse existing conformal prediction methods for LLM and LVLM applications, thereby
ensuring a rigorous and comprehensive examination on the topic.

(a) Review Focus and Selection Criteria

This paper is dedicated to providing a comprehensive review and in-depth analysis
of current conformal prediction methods applied to LLMs, with the goal of offering
valuable and unique insights into the trends and challenges in this �eld. We performed
an extensive search using the keyword pairs from group A combined with keyword
pairs from group B, where A = {“conformal prediction”, “conformal inference”,
“conformal risk control”, “conformalised selection”} and B ={“large language
models”, “small language models”, “multimodal large language models”, “large
vision language models”}. If we choose a i 2 A and b j 2 B, and de�ne s ij = a i + b j . There
are 16 possible different sij . Therefore, S = fs ij : 1 � i � 4; 1 � j � 4g.

Each string s 2 S is used as input to the OpenAlex structured knowledge graph, using boolean
search in the title and abstracts only, with stemming enabled. We found that searching the
title, abstract, and fulltext identi�ed too many out-of-scope papers. We searched speci�cally for
research articles, dissertations, and preprints; the inclusion of preprints was decided due to them
being a popular medium for the rapid dissemination of foundational research, especially in fast
growing research landscapes like that of LLMs. We included dissertations as graduate students
may have contributed to the topic. Initially, we searched a date range from 2020 to the present,
but we found no relevant papers pre-2023.

Using Google Scholar, we ran independent searches to isolate preprints and dissertations. For
preprints, we added logical operators to our previous notation, such that a search string is created
like so, [“conformal prediction” AND “large language models”] site:arxiv.org.
This returned only preprints from the arXiv server, which we consider the most reliable.
For dissertations, we use this format but target ProQuest in place of arXiv. ProQuest is a
premier and reputable database of graduate-level research. The search string looked like so,
[“conformal prediction” AND “large language models”] site:proquest.com. For
both searches, we search with a date range of 2023 to present.

The inclusion criteria for studies in this review were as follows:

• Peer-reviewed articles, arXiv preprints, or dissertations published in English.

• Studies must adapt an existing conformal framework or propose a novel conformal
prediction (CP) method. Acceptable frameworks may include split or full CP, conformal
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risk control, conformal selection, adaptive conformal inference, conformalised quantile
regression, conformal Venn-ABERS, or learn-then-test. Studies that provide PAC
guarantees may be included if the guarantee is provided with learn-then-test, or a CP
variant such as PAC conformal prediction. Benchmarking studies that perform large-
scale analysis, for example evaluating several LLMs, tasks, and nonconformity scoring
functions are acceptable.

• Studies must include at least one application that utilises either a decoder-only
architecture, such as generative pre-trained transformer (GPT), or encoder-decoder
architecture, such as text-to-text transfer transformer (T5). LLMs with parameter counts
in the range of 60 million (M) to 70 billion (B), or even 1 trillion (T) for Mixture of Experts
(MoE) models are acceptable; a full scaling classi�cation is provided in Section 5. LLMs
with a pre-trained vision encoder, termed large vision language models (LVLMs), are
acceptable provided that they have an autoregressive text decoder as with GPT and T5.

Exclusion criteria encompassed literature in any other language and studies that did not
exceed an internal quality threshold we set for screening. Furthermore, in accordance with
the criteria and our research scope, studies that only utilise encoder-only architectures such
as bidirectional encoder representations from transformers (BERT) or encoder-only foundation
models such as contrastive language-image pre-training (CLIP) or grounding DINO are excluded.

Following this methodology, a comprehensive literature search was conducted across
OpenAlex and Google Scholar using the speci�ed keywords. At this initial stage, we had
identi�ed 488 papers, which were reduced to 165 papers after the removal of duplicates and
the elimination of less relevant studies through title and abstract vetting. We then assessed
eligibility with a meticulous manual review and critical analysis of each paper's technical content,
methodological approach, and experimental validation, and in particular its applicability to LLMs
as per our inclusion criteria. The selection was thus re�ned to a �nal set of 106 publications.

(b) Comparison to Existing Surveys

Recent surveys have considered CP in natural language processing (NLP), CP across broader
ml settings, or uncertainty quanti�cation for LLMs. However, our review stands out as the �rst
to provide a dedicated synthesis of conformal prediction for LLMs as a distinct research area,
with over 106 studies. None of the existing reviews matches ours in terms of speci�city, coverage,
and synthesis depth. We explore the differences between our review and these existing reviews.

• Conformal Prediction for Natural Language Processing: A Survey [22]
A broad survey of CP in NLP. It includes some studies of CP for LLMs, but this is only
a small selection in the wider NLP landscape. The review only covers works from before
May 2024, and so many recent studies are excluded (see Figure 1).

• Conformal Prediction: A Data Perspective [23]
A general CP survey organised by datatype and proposes a data-centric taxonomy. Some
LLM-adjacent CP work is selectively covered, but this is very limited.

• A Survey on Uncertainty Quanti�cation of Large Language Models [24]
A broad general survey on uncertainty quanti�cation for LLMs, with a taxonomy
organised around token-level, self-verbalised, semantic-similarity, and mechanistic-
interpretability. CP is only brie�y discussed in the calibration section.

3. Preliminary: Large Language Models
LLMs are neural sequence models trained to assign probabilities to text, typically by predicting
the next token given a preceding context. Formally, if x 1:N denotes a tokenised input sequence, an
LLM models the conditional distribution P � (x n jx <n ) which is a learned parameterised mapping
from the context x <n to the next token x n . Text generation then proceeds autoregressively by
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repeatedly sampling or selecting from this distribution [25]. The LLM outputs a vector of logits
zv (x) 2 R jVj for the context x over the vocabulary V, for each v 2 V, which is converted into
probabilities by the softmax map,

P� (v j x) =
exp(zv (x))P

u2V exp(zu (x))
; (3.1)

and then selects or samples one token from these probabilities. The logarithms of these
probabilities are the log-probabilities (logprobs), which are often exposed by model APIs and
have a central role in uncertainty quanti�cation, decoding, and downstream calibration. A high-
level view, therefore, is that LLMs are probabilistic predictors over token sequences, even when
deployed as conversational (where the model is often suf�xed with Chat) or instruction-tuned
(where the model is often suf�xed with Instruct).

Most contemporary LLMs are based on the decoder-only transformer architecture, which
combines token embeddings, positional encodings, masked self-attention, and feed-forward
blocks to produce contextualised representations of the input pre�x [25]. Self-attention allows
each token to interact with all earlier tokens, thereby capturing long-range dependencies
more effectively than earlier recurrent architectures. This architecture underlies the widespread
pre-training paradigm; large-scale self-supervised training on massive corpora using the
autoregressive language-modelling objective, L LM (�) = �

P N
n=1 log P� (x n j x <n ); followed by

adaptation through prompting, supervised �ne-tuning, or preference optimisation [25]. In
practice, the raw probabilistic outputs of an LLM are often miscalibrated (see Section ii for more
information), particularly after reinforcement learning with human feedback (RLHF), instruction-
�netuning, or alignment. A standard post-hoc correction is temperature scaling (TS), which uses
a scalar T > 0 and applies softmax to the rescaled logit vector z v (x)=T ,

PT (v j x) = softmax(z v (x)=T ) =
exp(zv (x)=T )P

u2V exp(zu (x)=T )
; (3.2)

thereby sharpening or �attening the predictive distribution without changing the ranking of
candidate tokens [26]. Prompting is the principal interface through which pre-trained LLMs are
adapted at inference time. Rather than updating parameters, one speci�es a textual template that
conditions the model toward a desired task, style, or reasoning pattern. This includes zero-shot
prompting, few-shot in-context learning, and chain-of-thought prompting, all of which exploit an
LLM's sensitivity to context while leaving the model weights �xed [25].

Below are some additional points which readers may �nd relevant to the rest of our paper.

• Encoder-Decoder Transformers. In this architecture, the encoder maps the input
sequence to contextual representations, and the decoder generates the output sequence
conditioned on those representations. They are most often used in sequence-to-sequence
tasks. An example is the text-to-text transfer transformer (T5), which casts a wide range
of tasks to this format, i.e. translation, summarisation, structured text transformation.

• Mixture of Experts. Architecturally, LLMs may be either dense or mixture-of-experts
(MoE) models. In dense models, all parameters are activated for every token. In
contrast, MoE architectures contain multiple expert subnetworks together with a routing
mechanism that activates only a subset of experts per token, thereby increasing total
parameter count without proportionally increasing inference cost.

• Large Vision Language Models. Or LVLMs, extend the generation and reasoning
capabilities of LLMs to multimodal inputs by combining a visual encoder with a language
model backbone. For example, LLaVA-1.5 couples a contrastive language-image pre-
training (CLIP) visual encoder with a Vicuna LLM backbone through a two-layer MLP-
based vision-language connector [27]. In systems such as LLaVA and others, images
are converted into embeddings and fused with textual tokens such that the model can
condition on both modalities when generating a response. That means conceptually,
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LVLMs inherit the probabilistic next-token prediction of LLMs, but their uncertainty now
jointly depends on linguistic and visual data.

• Small Language Models. Compact variants of language models designed to operate
under tighter computational and memory constraints than frontier-scale LLMs. Although
they typically underperform the largest models in absolute capability, SLMs are cheaper
to train and deploy, especially for latency-sensitive or resource-constrained settings.

• Open vs. Closed-source Models. Open-source models provide public model weights
and local control over inference, enabling direct access to logits, hidden states, and other
internal components. Popular open-source model families include LLaMA, Qwen, and
DeepSeek. Closed-source models are generally accessed via an API and may expose only
partial information, such as sampled outputs, token logprobs, or con�dence surrogates,
though not always. Closed-source models include GPT-5, Claude Opus, and Gemini.

Much remains to be understood about LLMs; interested readers are referred to [25] for a
comprehensive overview.

4. Preliminary: Conformal Prediction
CP is a model-agnostic framework for uncertainty quanti�cation that converts a pre-trained
predictor into set-valued predictions with �nite-sample, distribution-free validity under
exchangeability [9–12,28]. Its central objective is to produce prediction sets that are informative
while guaranteeing that the true outcome is included with user-speci�ed coverage probability
1 � �, regardless of model correctness or distributional form. As such, CP can be considered
a lightweight post-hoc calibration layer for black-box predictors, and is particularly valuable
in high-stakes settings that appreciate its explicit and non-asymptotic guarantees, which do
not require retraining the underlying model. In this preliminary, we focus on split conformal
prediction (SCP) in the classi�cation setting, providing a concise overview of the framework.

Let f̂ (x) 2 [0; 1] K denote a trained classi�er returning class scores or probabilities for K
possible labels, and let f(x i ; yi )g

n
i=1 be an i.i.d.1 calibration set of n examples where x i 2 X and

yi 2 Y, independent of model training. Given a nonconformity score s(x; y) and a miscoverage
rate �, one computes calibration scores s i = s(x i ; yi ) and their adjusted empirical quantile q̂ =

Quantile
�

fs i g
n
i=1 ; d(n+1)(1��)e

n

�
. The conformal prediction set for a new input x n+1 is then

C(x n+1 ) = f y : s(x n+1 ; y) � q̂g. Under exchangeability, this construction satis�es the marginal
coverage guarantee P(yn+1 2 C(x n+1 )) � 1 � �. While natural language is inherently sequential
and non-exchangeable, the exchangeability assumption is a mathematical approximation that
unlocks powerful uncertainty quanti�cation and statistical validity for LLM pipelines.

A nonconformity score is a function that measures how unusual an example is relative to a
trained model and previously seen data. It is the core ingredient in conformal prediction. A larger
score indicates that the model is less con�dent or that the data point appears more anomalous. The
choice of nonconformity score function determines the ef�ciency and adaptivity of the resulting
prediction sets, while the validity guarantee is inherited from the conformal calibration step [10].

For classi�cation, there are several nonconformity score functions that have now become
standard. The least ambiguous set-valued classi�er (LAC), for example, uses the score,
sLAC (x; y) = 1 � �̂ y (x), where �̂ y (x) is the model's estimated probability of class y for x. Thus,
labels are included according to their individual predicted probabilities alone [29]. LAC is a
simple score that is easy to interpret, but it lacks adaptivity as it does not account for the
overall shape of the predictive distribution, making it less ef�cient in dif�cult multiclass settings.
Adaptive prediction sets (APS), however, de�ne the nonconformity score of a candidate label
y by the cumulative predicted probability mass required to reach that label in the model's
sorted output distribution, s APS (x; y) = � x (y) + �̂ y (x) u, where � x (y) is the total probability
mass of labels ranked above y, and u � Unif(0; 1) is a randomisation term [30]. Intuitively, APS

1Independent and identically distributed.
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includes labels in decreasing order of predicted probability until suf�cient cumulative mass has
been accumulated, thereby yielding prediction sets that adapt to the shape of the predictive
distribution. Regularised adaptive prediction sets (RAPS) augment APS with a rank-based
regularisation term, s RAPS (x; y) = � x (y) + �̂ y (x) u + �

�
� x (y) � k reg

�
+ , where (z) + represents

the positive part of z, � x (y) denotes the rank of label y, k reg is an unpenalised rank threshold,
and � � 0 controls the strength of the penalty [31]. Therefore, � = 0 recovers APS. This additional
term discourages the inclusion of labels deep in the ranked list, whose small tail probabilities are
often unstable, and therefore tends to produce smaller and more stable prediction sets.

Beyond miscoverage control, conformal risk control (CRC) generalises CP to arbitrary
monotone losses [32]. Instead of controlling the event y =2 C(x), CRC considers a family of set-
valued predictors C � indexed by a conservativeness parameter �, together with a bounded
loss L(C � (x); y) that is non-increasing in �. The target becomes E

�
L

�
C�̂ (x n+1 ); yn+1

��
� �.

Writing L i (�) = L(C � (x i ); y i ) and bRn (�) = n �1 P n
i=1 L i (�), �̂ = inf

n
� : n

n+1
bRn (�) + B

n+1 � �
o

is selected by CRC, where B is an upper bound on the loss. This subsumes CP when L is
the miscoverage indicator, but also accommodates more task-relevant notions of error through
structured risk, such as token-level F-measure loss, or false negative rate (FNR).

Quantile risk control (QRC) extends the focus from expected loss to quantiles and more
general quantile-based risk measures of the loss distribution [33]. Rather than bounding only
the mean loss, it constructs con�dence bounds on the loss cumulative distribution function
or equivalently on the quantile function F �1 (p) = inffx : F (x) � pg. These bounds can then
be integrated against a weighting function  (p) to control any quantile-based risk measure,
R (F ) =

R1
0  (p) F �1 (p) dp, where  (p) � 0 and

R1
0  (p) dp = 1. The key idea is to move beyond

standard accuracy-style guarantees and instead directly control the tail behaviour of the loss
distribution. This class includes the value-at-risk, conditional value-at-risk, and related tail risks.

Several important generalisations, variants, and adjacent frameworks to conformal prediction,
which are relevant to the contents of this review, are summarised below.

Conformal Selection (CS). A framework for screening problems in which one wishes to select
test points whose unobserved outcomes exceed user-speci�ed thresholds while controlling false
discoveries [34,35]. The method constructs conformal p-values that quantify evidence that a test
outcome is `large', and then applies a multi-step testing rule such as Benjamini-Hochberg, to
obtain a selection set with �nite-sample false discovery rate control.
Learn-then-Test (LTT). A framework that reframes risk control as a multiple hypothesis testing
problem over candidate parameter values, and then uses family-wise error rate correction to
identify settings whose risk can be certi�ed below the target level [36]. LTT is useful when the
risk is non-monotone or when multiple interacting risks must be controlled.
Risk-controlling Prediction Sets (RCPS). A framework that provides a high-probability
alternative to CRC when one wishes to control a general monotone loss through set-valued
predictions with probability at least 1 � � [37], where � is the user-speci�ed error level. The
framework begins with a nested family of set predictors, a loss function on the prediction set
that decreases as the prediction set grows, and a risk of a set-valued predictor. RCPS calibrates
the parameter � by constructing an upper con�dence bound on the risk tolerance level � and
selecting the smallest �̂ such that all larger � values have upper con�dence bounds below the
target level �. RCPS is typically more conservative and depends on both the risk tolerance level
� and the error level �.
Conditional Conformal Prediction. The quasi-conditional conformal prediction (QCCP)
framework by Gibbs et al. aims to interpolate between marginal and fully conditional validity by
requiring coverage over a user-speci�ed class of covariate shifts or weighting functions [38]. Exact
�nite-sample conditional coverage is impossible [39], but this framework provides principled
�nite-sample guarantees over structured families of shifts, thereby sharpening marginal coverage
protection. By contrast, Vovk's conditional SCP framework [40] formulates conditional validity
through conditioning on different elements of the prediction problem, such as the training set,
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the test object, the label, or combinations thereof, and shows that SCP can be modi�ed to achieve
�nite-sample guarantees for certain group-based notions of conditional validity. The Mondrian
class-conditional framework calibrates separately on classes, yielding guarantees in the form,
P(yn+1 2 C(x n+1 ) j y n+1 = y) � 1 � �; for all y 2 Y, at the cost of a reduced effective calibration
sample size within each class [41].
Weighted Conformal Prediction. Tibshirani et al. extend validity beyond exchangeability to
covariate shift by replacing the empirical quantile of calibration scores with a weighted quantile
based on estimated density ratios between test and calibration covariate distributions [42],
whereas Barber et al. address more general non-exchangeable settings through �xed weighted
conformal procedures and coverage-gap bounds that also permit nonsymmetric algorithms [43].
Conformal Quantile Regression (CQR). A framework for conformal regression, when the goal
is to obtain prediction intervals that are both distribution-free and adaptive to heteroscedasticity
[44]. The usual conformal residual correction around a conditional mean estimate is replaced
with a plug-in interval formed from estimated lower and upper conditional quantiles, and then
this interval is conformalised on a held-out calibration set. The �nite-sample marginal coverage
guarantee of SCP is inherited, now with intervals for local uncertainty.
Other generalisations and variants. These include CP with e-values in [45], CP for PAC learning
[46] in [47], adaptive conformal inference (ACI) for distribution shift in [48], and statistical
dispersion control for distribution-free population-level risk control [49].

That concludes our preliminary on conformal prediction. Interested readers are encouraged to
explore these topics in more depth in [12], or explore the abundance of resources found online 2.

5. Taxonomy of Conformal Methods for Large Language Models
We propose a hierarchical tree-structured taxonomy of conformal methods applied to the �eld of
LLMs. In this taxonomy, the foundation is the root nodes, which correspond to frameworks in the
conformal prediction family outlined in Section 4.

Figure 2 shows that the primary root node is the SCP framework, which extends to the
conformal selection framework and generalises to the CRC framework, which is adjacent/closely
related to the LTT framework. Together, these root nodes feed into several branch nodes which
apply a conformal framework to a speci�c task or application in the LLM space.

Below we de�ne the branch nodes:

• Open-ended Conformal Calibration Conformal methods based on either SCP, CRC, or
LTT frameworks that operate in the unbounded output space of LLMs, such as text
generation tasks like open question-answering and summarisation.

• Close-ended Conformal Calibration Conformal methods based on either SCP or
CRC frameworks that operate in the constrained output space of LLMs, such as text
classi�cation tasks and multiple-choice question-answering.

• Conformal Selective Prediction Conformal methods based on either SCP, CS, CRC, or
LTT frameworks that focus on providing admissible candidate LLM responses to user
prompts, abstaining or deferring to another LLM if unsure.

• Conformal Retrieval-augmented Generation Conformal methods based on either SCP,
CRC, or LTT frameworks that provide reliability guarantees to RAG systems, which
reduce hallucinations by grounding LLM responses with external knowledge base data.

• Conformal Factuality Conformal methods based on either SCP or LTT frameworks that
emphasise the correctness of LLM generations, by ensuring each sub-claim of a long-form
response is factually accurate, thereby reducing hallucinations.

2Available at: https://github.com/valeman/awesome-conformal-prediction.
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Figure 2: A hierarchical tree-structured taxonomy of conformal methods applied to LLMs. The
tree has three distinct levels: L1—the root nodes, which are generalisations or extensions of
the split conformal prediction framework that serve as a foundation for the following; L2—the
branch nodes, which apply these conformal frameworks to various speci�c LLM tasks or
applications; and L3—the leaf nodes, which further decompose these categories into speci�c
related subcategories. The branch and leaf nodes are colour-coded accordingly in Section 5.

• Conformal Abstention Conformal methods based on either SCP, CRC, or LTT
frameworks that will abstain from answering queries that they do not know the answer
to, thereby reducing hallucinations.

Branch nodes can have associated leaf nodes which further decompose these categories into
related subcategories; the open-ended and close-ended conformal calibration nodes have shared
leaf nodes, and other branch nodes can have leaf nodes with functional overlap.

Below we de�ne the leaf nodes:

• Logit-based Conformal Calibration Conformal methods that rely on logits/logprobs
to calibrate LLMs. If conformal methods also require internal embeddings or other
representations such as hidden states, attention features, but not necessarily logits
or equivalent, we still place them in this leaf node. It can therefore be alternatively
considered exclusively white-box LLM calibration.

• Logit-free Conformal Calibration Conformal methods that do not rely on logits/logprobs
or internal embeddings and equivalent representations to calibrate LLMs. It can therefore
be alternatively considered exclusively true black-box LLM calibration.

• Token-level Conformal Calibration Conformal methods that calibrate the next-token
distribution at each autoregressive step in LLM generation, with prediction sets over
tokens rather than full sequences, unlike sequence-level conformal methods.

• Group-conditional Conformal Calibration Conformal methods that provide group-
conditional coverage guarantees rather than simple marginal coverage guarantees.
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• Distribution-shift-aware Conformal Calibration Conformal methods that provide
coverage guarantees robust to different types of distribution shift, such as covariate shift.

• Conformal Selective Prediction with FDR Control Conformal methods that select a
subset of instances for which the FDR among selections is rigorously controlled.

• Conformal Factuality with Retrieval-augmented Generation Conformal methods for
calibrating LLM retrieval mechanisms, where guarantees on the factuality of retrieved
data from the external knowledge base are provided.

• Abstention-aware Retrieval-augmented Generation Conformal methods for calibrating
LLM retrieval mechanisms with the ability to abstain from answering user queries where
they do not know the answer, even with access to an external knowledge base.

• Group-conditional Conformal Factuality Conformal methods that provide group-
conditional factuality guarantees rather than simple marginal factuality guarantees.

• Distribution-shift Aware Conformal Factuality Conformal methods that provide
factuality guarantees robust to different types of distribution shift, such as covariate shift.

• Abstention-aware Conformal Factuality Conformal methods for guaranteeing the
factuality of LLM outputs by selectively abstaining at the sub-claim level.

Using this taxonomy, we classify 106 conformal methods that meet the selection criteria described
in Section 2(a). The classi�cation is performed on the 2 nd level (see Figure 2).Table 2 surveys all
106 conformal methods, extracting structured metadata described below:

• Language Model(s) The language model(s) which are conformalised in the study. We
stratify language models into the following categories based on their parameter counts:
language model (LM) if < 1 B, SLM if < 6 B, or LLM if > 6 B. For dense language models,
we show their total parameter counts in brackets if they are not part of the model name,
and for Mixture of Experts (MoE) language models, we show both their total parameters
and their activated parameters in brackets.

• Task(s) The task(s) that are the primary objective(s) of the study, where conformal
method(s) are proposed to ensure the validity and ef�ciency of language model(s) in
achieving the task(s). An example includes multiple-choice question-answering (MCQA).

• Conformal Method(s) Conformal method(s) are given as the algorithm(s) proposed in
each study, followed by the conformal framework(s) the algorithm(s) are based on. For
details on several frameworks and their variants, refer to the preliminary (Section 4).

• Dataset(s) The dataset(s) that the conformal method is evaluated on; usually task-based.

• Evaluation Metric(s) The metric(s) reported in the study or other studies that evaluate
the conformal method. A list of metrics and their de�nitions is provided in Table 2.

The remaining sections are each dedicated to a speci�c branch node in Figure 2, with the
exception of the open-ended and close-ended conformal calibration branch nodes, which are
combined for ease of reading. Subsections are strati�ed according to associated leaf nodes.
The sections are organised as follows. Section 6 presents patterns and trends in research on
conformal methods applied to LLMs. Section 7 surveys split-conformal-based methods, Section
8 selective conformal methods, Section 9 abstention-aware conformal methods, Section 10
conformal factuality methods, Section 11 conformal methods for retrieval-augmented generation,
and Section 12 conformal risk control-based methods. Sections 7, 8, 11 include performance tables
with the following metadata: conformal method(s), evaluation metric(s), and performance notes.
A set of de�nitions for the evaluation metrics and their complements across the performance
tables is provided in Table 2. Where metrics are speci�c to a particular study or group of studies,
we encourage the reader to refer to the details in those papers.
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Table 1: We present detailed characteristics of all 106 conformal prediction for LLM studies we identi�ed in our extensive literature search. The following applies
to language models: ** denotes a language model, * denotes a small language model, and the remainder are large language models. The following applies to
datasets: � indicates the dataset is unique to the study and not an established benchmark, and � indicates the method is evaluated on the dataset in another
study. The following applies to metrics: ? indicates the metric is not reported and is computed from reported metrics, ? indicates the metric is reported for the
method in another study, and ? indicates that the metric is reported initially but we take the same metric reported for the method in another study instead.
Conformal methods are colour-coded based on their classi�cation in the taxonomy illustrated in Figure 2; close-ended calibration, open-ended calibration, both
open and closed-ended calibration, conformal RAG, conformal selective prediction, conformal factuality, and conformal abstention.

Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[50] LLaMA-13B MCQA SCP with LAC MMLU ECR, APSS, SSC, ECE, MCE
[51] OPT-125M**, OPT-350M**, OPT-

1.3B*, OPT-2.7B*, OPT-6.7B,
OPT-13B, OPT-30B

Text generation CNS: Conformal nucleus sampling (based on
SCP)

English Wikipedia Dump,
OpenWebText

ECR? , APSS? , SSC? , calibrated
probability-mass threshold

[52] PaLM-2L, PaLM-2L-IF, GPT-3.5 RTP (as MCQA) KnowNo: Single and multi-step uncertainty
alignment (based on SCP)

[53] ViT+GPT-2-small (124M)**, T5-XL
(3B)*, LLaMA-13B

RRG, text summarisation,
OpenQA, reasoning, math

CLM: Conformal language modelling (based
on conformal sampling with rejection using
LTT with PAC)

MIMIC-CXR, CNN/DM, TriviaQA,
GSM8K�

mean prediction set loss, normalised
set size, relative excess samples, area
under normalised set size-risk curve,
ECR? , APSS? , SSC?

[54] CodeLLaMA-7B, FLAN-T5-XXL-
11.3B, Falcon-40B-Instruct

Code generation,
text summarisation,
LLM-alignment

PRC: Prompt risk control (based on LTT, QRC
[33], and statistical dispersion control [49])

MBPP, Helpfulness and
Harmlessness, Red Teaming,
MeQSum

Mean pass@10 loss, median toxicity
VaR, Gini coef�cient of loss

[55] Mistral-7B-Instruct-v0.1 Stepwise decision planning
(as MCQA)

Point-wise dependency neural estimation
with conformal thresholding (based on SCP)

Synthetic Smart-home Decision
Planning �

PPV, TPR, F-measure

[56] M2M100-400M**, M2M100-1.2B*,
OPT-350M**, OPT-1.3B*

Text generation, machine
translation

NE-CNS: Non-exchangeable conformal
nucleus sampling (based on NECP [43] with
nearest neighbours)

English Wikipedia Dump,
OpenWebText, WMT-2022

ECR, APSS, SSC, expected coverage
gap, calibrated probability mass
threshold

[57] T5 (220M)**, T5-small (60M)** Reasoning, math, text
generation

CBS: Conformal beam subsets (based on
group-conditional SCP [40]) + DCBS: Dynamic
conformal beam search (based on SCP with
stepwise thresholds)

Integer Addition � , USPTO-MIT Beam coverage, conditional
coverage, global coverage, MAE,
ECR, APSS

[58] N/A RAG, OpenQA CONFLARE: Conformal large language
model retrieval (based on SCP)

N/A N/A

[59] Gemini Pro OpenQA Conformal abstention (based on CRC and
RCPS [37])

Temporal Sequences, TriviaQA Empirical hallucination risk, AR

[60] GPT-3.5-Turbo, LLaMA-2-7B RAG, OpenQA TRAQ: Trustworthy retrieval augmented
question answering (based on SCP with
Bayesian optimisation) + TRAQ-P (TRAQ
with PAC)

Natural Questions, TriviaQA,
SQuAD-1, BioASQ

ECR, APSS

[61] LLaMA-2-7B, LLaMA-2-13B,
Mistral-7B-Instruct-v0.2

RAG, text summarisation,
text generation

C-RAG: Conformal generation risk (based on
CRC)

AESLC, CommonGen, DART, E2E Conformal generation risk, empirical
generation risk, Hellinger distance �

Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[62] GPT-4V EQA (as MCQA) Semantic exploration planner with calibrated

stopping rule (based on SCP)
HM-EQA Success rate, ef�ciency

[63] LLaMA-2-7B-Chat MCQA, sentiment analysis IVAP: Inductive Venn-Abers predictor [64] for
LLM calibration

BoolQ, Stanford Sentiment Treebank ECE, AUROC, Brier loss, F-measure

[65] GPT-4 OpenQA, reasoning, math,
biography generation, fact
veri�cation

Conformal factuality (based on nested SCP
with entailment sets)

FActScore, Natural Questions,
MATH

EF, CRR�, CRR+*

[66] LLaMA-2-13B, Mistral-7B-Instruct OpenQA, reading
comprehension

SCP with clustering by semantic equivalence TriviaQA, CoQA Accuracy (�ECR), APSS, AUROC,
AUARC, AURAC

[67] LLaMA-3.1-70B-Instruct, GPT-4,
GPT-4o

Reasoning, math Coherent factuality (based on SCP with
deducibility graphs and subgraph �ltering)

MATH, FELM EF, CRR+, correct �nal-answer rate,
reprompting error rate reduction,
legibility error detection rates

[68] LLaMA-3-8B, Prismatic VLM EQA, IQA, reasoning,
OpenQA

Conformal reasoning: Of�ine adaptation +
Refresh prediction + Guided reasoning (based
on ACI [48])

20 Questions, Auto20Q, MediQ, HM-
EQA

ECR, percent answered, TNR,
ef�ciency, APSS? , NSR? , AR?

[69] VideoLLaMA-7B, VideoLLaMA-13B,
PandaGPT-7B, PandaGPT-13B,
NExT-GPT (7B), Gemini-
1.5-Flash, Gemini-1.5-Pro,
GPT-4o-mini, GPT-4o, LLaMA-
3-8B-Instruct, LLaMA-3.1-8B-
Instruct, LLaMA-3-70B-Instruct,
LLaMA-3.1-70B-Instruct

OpenVideoQA,
MCVideoQA, OpenQA,
VQA, MCQA, reading
comprehension

TRON: Conformal score-guided sampling and
nonconformity-based identi�cation (based on
SCP)

Video-MME, NExT-QA, MUSIC-
AVQA, MSVD, TriviaQA, CoQA,
VQA, MMLU

EER, ECR? , accuracy, APSS, SSM,
SSC?

[70,71] LLaMA-3-8B KGQA UAG: Calibrated knowledge graph traversal
(based on SCP) + Error-rate control (based on
LTT)

WebQuestionSP, Complex
WebQuestions

ECR, APSS

[72] DeepSeek-Prover-V1.5-RL-
7B, DeepSeek-Prover-V1-7B,
DeepSeek-Prover-V1.5-7B, GPT-4

Formal theorem proving Strati�ed conformal proof search (based on
SCP)

MiniF2F, ProofNet Pass rate@passes, validation pass
rate, test pass rate, number of passes
required, wall clock time

[73] LLaMA-2-7B, LLaMA-2-13B,
WizardLM-13B-v1.2, Vicuna-7B-v1.5

MCQA, OpenQA LofreeCP: Logit-free conformal prediction
(based on SCP)

MMLU, TriviaQA, WebQuestions ECR, APSS, SSC

[73,74] LLaMA-2-7B, LLaMA-2-13B,
WizardLM-13B-v1.2, Vicuna-7B-v1.5

OpenQA SAPS: Sorted adaptive prediction sets TriviaQA, WebQuestions ECR? , SSC? , APSS?

[75] GPT-3.5-Turbo, LLaMA-2-7B-
Chat, Mistral-7B-Instruct-v0.3,
LLaMA-3-8B-Instruct, Vicuna-
13B-v1.5, LLaMA-2-13B-Chat,
LLaMA-3-70B-Instruct

OpenQA, reading
comprehension, MCQA

ConU: Conformal uncertainty (based on SCP) CoQA, TriviaQA, MedQA,
MedMCQA

AUROC, ECR, APSS, model
accuracy

[76] ViT+GPT-2-small (124M)** RRG OCS: Optimised conformal selection MIMIC-CXR EFDR, power
[77] BGE-large-1.5 (326M)**, E5-Mistral-

7B
RAG SCP with score re�nement FEVER, SCIFACT, FIQA ECR, APSS

Continued on next page



14royalsocietypublishing.org/journal/rspaProcRSocA0000000
..................................................................

Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[78] LLaMA-3-8B-Instruct, Gemini-Pro,

GPT-3.5-Turbo
RAG, DAO, event
detection, event argument
extraction

DRAG: Diverse-RAG retrieval + AdaCP:
Adaptive conformal prediction (based on SCP
with threshold decay)

ACE05-E, CASIE Event detection, event argument
extraction, combined event
extraction

[79] GPT-3.5-Turbo, GPT-4o OpenQA, biography
generation, fact veri�cation

CB: Conditional boosting + LA: Level-
adaptive conformal prediction (based on
QCCP [38])

MedLFQA, Wikipedia Biographies,
FActScore

EF, CRR+, EMR, GCEF

[80] LLaMA-2-7B, LLaMA-2-13B,
LLaMA-2-70B, Mistral-7B, Mixtral-
8x7B, Falcon-7B, Falcon-40B,
MPT-7B, Gemma-7B, Qwen-1.8B*,
Qwen-7B, Qwen-14B, Qwen-
72B, Yi-6B, Yi-34B, DeepSeek-7B,
DeepSeek-67B, InternLM-7B,
GPT-3.5, GPT-4

MCQA, reading
comprehension,
commonsense inference,
DRS, document
summarisation, OpenQA

SCP with LAC and APS MMLU, CosmosQA, HellaSwag,
HaluDial (from HaluEval), HaluSum
(from HaluEval), TriviaQA

Accuracy, ECR, APSS, ECE

[81] ViT+GPT-2-small (124M)**,
OPT-13B, LLaMA-2-13B-Chat

RRG, OpenQA, reading
comprehension

Conformal alignment (based on
conformalised selection)

MIMIC-CXR, TriviaQA, CoQA EFDR, power

[82] LLaMA-2 MCQA CPL: Split conformal prediction with length-
optimisation

TruthfulQA, MMLU, OpenBookQA,
PIQA, BigBench

ECR, APSS, NSR?

[83] GPT-3.5, GPT-4-Turbo RTP (as MCQA), RAG Introspective conformal prediction (based on
SCP)

Mobile Manipulation � , Safe
Mobile Manipulation � , Tabletop
Rearrangement�

Success rate (�ECR), help rate
(�NSR), exact set rate, non-
compliant contamination rate,
unsafe contamination rate, overask
rate, overstep rate, unsafe rate, APSS

[84] GPT-3.5-Turbo, Alpaca-7B OpenQA SGenSemi: Semi-supervised selective
generation with entailment pseudo-labelling
(based on PAC CP [47])

Natural Questions, QA2D Empirical FDR by textual entailment
(FDR-E), ef�ciency

[85] GPT-3.5, LLaMA-2-7B, LLaMA-3-8B RTP (as MCQA) S-ATLAS: Safe planning for teams of
language-instructed agents (based on SCP)

AI2THOR Simulated Home-service
Scenarios�

Mission success rate (�ECR), help
rate (�NSR), number LLM queries
required

[86] LLaMA-3.2-1B*, Qwen-2.5-3B-
Instruct*, Vicuna-7B-v1.5, Qwen-2.5-
7B-Instruct, LLaMA-3.1-8B-Instruct,
Vicuna-13B-v1.5

OpenQA, reading
comprehension

TECP: Token-entropy conformal prediction
(based on SCP)

TriviaQA, CoQA EMR, ECR ? , APSS

[87] Mistral-7B-Instruct-v0.2,
GPT-3.5-Turbo, GPT-4-Turbo

Text summarisation
preference, chat assistance
preference, response
preference, LLM-as-a-judge

SA: Simulated annotators + CSE: Cascading
selective evaluation (based on CRC)

AlpacaEval, TL;DR, ChatArena,
Auto-J

Empirical human agreement,
empirical disagreement risk ? ,
coverage rate, AR? , guarantee
success rate, accuracy, ECE, AUROC,
AUPRC, pipeline accuracy?

Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[88,89] Yi-34B, Qwen-7B, Qwen-14B,

LLaMA-2-7B, LLaMA-2-13B,
LLaVA-v1.6-7B, LLaVA-v1.6-13B,
LLaVA-v1.6-34B, LLaVA-
Phi2-2.7B*, Monkey-Chat-7B,
InternLM-XComposer2-VL-7B,
Yi-VL-6B, CogAgent-VQA-7B,
MobileVLMV2-7B, Mplug-Owl2-7B,
Qwen-VL-Chat-7B

MCQA, reading
comprehension,
commonsense inference,
DRS, document
summarisation, MCVQA,
OpenQA, math, reasoning,
diagram understanding,
fact veri�cation

CAP: Conformalised abstention policy (based
on SCP with reinforcement learning)

MMLU, CosmosQA, HellaSwag,
HaluDial (from HaluEval), HaluSum
(from HaluEval), MMBench,
Digits (subset of OODCV-VQA),
ScienceQA, SEEDBench, AI2D,
FActScore, MATH, Natural
Questions

ECE, accuracy, ECR, APSS, AUROC,
AUARC, CRR+

[90] GPT-Neo-1.3B* Text classi�cation ConfTS: Conformal temperature scaling for
SCP (with APS and RAPS)

AG News, Dbpedia ECR, APSS

[91] LLaVA-OneVision-Qwen2-7B,
LLaVA-1.5-13B, LLaVA-
OneVision-Qwen2-7B-VisCoT,
Vicuna-7B-VisCoT, SPHINX-13B

VQA SRICE: Split quasi-conformal uncertainty
for pathway selection + Conformal tool
calibration

VQA2, VizWiz, Flickr30K, GQA,
MMBench

Accuracy, ECE

[92] LLaMA-3.1-8B-Instruct Reasoning, NL2ASP CLM: Conformal language modelling (from
[53])

StepGame Task accuracy

[93] GPT-4o LLM-as-a-classi�er Conformal tree: tree-based local conformal
calibration (based on SCP)

UCI Erythemato-Squamous
Disease, Voteview DW-NOMINATE
Legislator Ideology �

Class-wise prediction accuracy, ECR,
APSS

[94] LLaVA-1.5-7B, LLaVA-1.5-
13B, LLaVA-v1.6-Mistral-7B,
LLaVA-v1.6-Vicuna-13B,
Qwen-2-VL-2B-Instruct**, Qwen-
2-VL-7B-Instruct, InternVL2-1B**,
InternVL2-8B

MCVQA SCP with LAC MMMU, ScienceQA EER, ECR ? , APSS

[95] GPT-3.5-Turbo, GPT-4o, Falcon-7B,
LLaMA-3.1-7B-Instruct

AVP (as MCQA) SafePath: Path generation, uncertainty-aware
path selection, path decision (based on SCP)

nuScenes, highway-env Deviation from target coverage,
ECR? , APSS, human delegation rate

[96] N/A RTP (as OpenQA), NL2LTL ConformalNL2LTL: Natural language to
linear temporal logic (based on SCP)

Synthetic NL2LTL Tasks � Translation accuracy (�ECR), help
rate (�NSR), fraction of formulas
needing help

[97] LLaMA-3.2-1B-Instruct*,
LLaMA-3.2-3B-Instruct*,
Qwen-2.5-1.5B-Instruct*,
Qwen-2.5-3B-Instruct*

MCQA SCP with self-consistency theory MedMCQA, MedQA, MMLU EMR, ECR ? , APSS, AUROC

[98] ViT+GPT-2-small (124M)**, T5-XL
(3B)*, LLaMA-7B

RRG, text summarisation,
OpenQA, reasoning, math

SCOPE-Gen: Sequential conformal prediction
for generative models (based on SCP with
Markov factorisation)

MIMIC-CXR, CNN/DM, TriviaQA,
BBH Date Understanding �

Admission query rate, calibration
runtime, ECR? , APSS, calibration
rejection rate (�AR)

[99] LLaMA-3-8B, Qwen-2.5-14B,
DeepSeek-V3 (671B, 37B),
DeepSeek-R1-Distilled-LLaMA-3-
8B, DeepSeek-R1-Distill-Qwen-14B,
DeepSeek-R1 (671B, 37B)

LLM-routing, MCQA,
math, reasoning, reading
comprehension

CP-Router: SCP with full and binary entropy-
based adaptive error-rate calibration

MMLU-STEM, STEM-MCQA,
GSM8K, GPQA, LogiQA,
CN-Chemistry

Accuracy, token reduction ratio,
token utility

Continued on next page



16royalsocietypublishing.org/journal/rspaProcRSocA0000000
..................................................................

Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[100] LLaMA-3-8B-Instruct, Phi-

3-mini-Instruct (3.8B)*,
Gemma-2-9B-SimPO, GPT-4

MCQA, NL2SQL, tool
selection

CROQ: Conformal revision of questions +
CP-OPT: Conformal prediction optimisation
(based on SCP)

MMLU, TruthfulQA, ToolAlpaca,
BIRD

Accuracy, ECR, APSS

[101] Phi-2 (2.7B)*, LLaMA-3-8B, GPT-4o-
mini, Gemma-2-27B

OpenQA, code generation,
reasoning, math

GPS: Generative prediction sets (based on
CQR [44])

MBP-P, DS-1000, GSM8K, MATH,
TriviaQA

ECR, APSS, AR, number samples
generated, non-abstention empirical
coverage

[102] Qwen-2.5-3B-Instruct*, Qwen-2.5-
7B-Instruct, LLaMA-3.1-8B-Instruct,
Vicuna-13B-v1.5, Qwen-2.5-14B-
Instruct, Qwen2-VL-2B-Instruct*,
Qwen2-VL-7B-Instruct,
InternVL2-8B, LLaVA-1.5-13B,
LLaVA-v1.6-Vicuna-13B

OpenQA, commonsense
inference, MCQA

COIN: Calibration set error analysis, upper
bound construction, and threshold selection
with PAC (based on LTT)

TriviaQA, CommonsenseQA,
MMVet

Empirical conditional failure rate
(�EFDR), power

[103] LLaMA-2-7B Text generation,
LLM-alignment

Conformal distortion risk control (based on
CRC and L-statistics)

RealToxicityPrompts VaR, CVaR, average sampling cost

[104] BLIP-2+FLAN-T5-XL (3B)* SGG (as MCQA) PC-SGG: Plausibility-ensured conformal
scene graph generation (based on Mondrian
SCP)

Visual Genome (VG150) ECR, APSS, average class
coverage gap, triplet coverage
validity, coverage-Recall@K,
coverage-mean-Recall@K

[105] LLaMA-2-7B, LLaMA-3-8B, Mistral-
7B

LLM-recommendation FACTER: Fairness aware conformal
thresholding and prompt engineering (based
on SCP)

MovieLens-1M, Amazon Movies &
TV

Sub-network similarity ratio,
sub-network similarity variance,
counterfactual fairness ratio,
violation rate, type-I error, detection
power, NDCG@10, recall@10

[106] LLaMA-3-8B-Instruct, Mixtral-8x7B-
Instruct

Reasoning, math CPQ: Conformal prediction with query
oracle (based on SCP with missing mass
optimisation)

BBH Geometric Shapes, GSM8K,
BBH Date Understanding

ECR, APSS, EE fraction

[107] LLaMA-3.1-8B, Qwen-2.5-7B, Phi-3-
small (7B)

IQA, MCQA, reasoning C-IP: Conformal information pursuit (based
on SCP with predictive inference)

20 Questions (subset of AwA2)*,
MediQ

ECR, accuracy

[108] LLaMA-3.2-3B-Instruct*,
Qwen-2.5-3B-Instruct*, Qwen-2-
7B-Instruct, Qwen-2.5-7B-Instruct,
OpenChat-3.5 (7B), LLaMA-3-8B-
Instruct, LLaMA-3.1-8B-Instruct,
LLaMA-2-13B-Chat, Vicuna-
13B-v1.5, Qwen-2.5-14B-Instruct,
Qwen-2.5-32B-Instruct

OpenQA, MCQA,
reasoning, reading
comprehension

SConU: Selective conformal uncertainty
(based on SCP)

MMLU, MMLU-Pro, MedMCQA,
TriviaQA, CoQA

EMR, ECR? , SSM, APSS, SSC?

[109] ViT+GPT-2-small (124M)**,
OPT-13B, LLaMA-2-13B-Chat

RRG, OpenQA, reading
comprehension

ACS: Adaptive conformal selection MIMIC-CXR, TriviaQA, CoQA EFDR, power, expected similarity

Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[110] LLaMA-2-7B-Chat, Mistral-7B-

Instruct-v0.2
Biography generation, fact
veri�cation

MVSC: Multivalid SCP + GCCQR: Group-
conditional CQR [44]

Bio-NQ (subset of Natural
Questions)*, Bio-FActScore

EF, mean absolute groupwise
coverage error, biography retention
rate, biography facts retention rate,
average squared calibration error
(ASCE), max/mean group ASCE
(gASCE), Brier score, CRR+? , AR? ,
GCEF intervals?

[111] GPT-4o RAG, OpenQA, reasoning,
fact veri�cation

Conformal-RAG: Group-conditional
conformal factuality for RAG with context
similarity scores (based on [65] and Mondrian
SCP [41])

MedLFQA, FActScore, PopQA,
HotpotQA

EF, CRR�, GCEF, CRR+ ?

[112] Gemini-1.5-Flash RAG, fact generation RAG-based conformal factuality with
reference model con�dence scoring (based
on [65])

FActScore EF, power (�claim TPR), claim FPR,
CRR+ ?

[113] ChatRhino-4B*, ChatRhino-10B,
ChatRhino-81B

Geospatial repartition CoAlign: Conformal ranking for human-
aligned LLM geospatial repartition with
transductive adjustment

Of�ine Logistics Repartition � ,
Online Logistics Repartition A/B �

ECR, prediction set ratio, false
coverage rate (�EMR), human
intervention rate, recommendation
acceptance rate, method similarity
ratio, maximum similarity, workload
distribution balance

[114] Qwen-2.5-3B-Instruct*, LLaMA-3.2-
3B-Instruct*, Qwen-2.5-7B-Instruct,
Meta-LLaMA-3-8B-Instruct,
LLaMA-3.1-8B-Instruct,
Vicuna-7B-v1.5, OpenChat-3.5
(7B)

MCQA, reasoning SCP with signi�cance testing using conformal
p-values

MMLU, MMLU-Pro EER, ECR ? , APSS

[115] LLaMA-2-13B-Chat OpenQA OCS-ARC: Online conformal selection with
accept-to-reject changes

TriviaQA FDP (�EFDR), power

[116] Qwen-VL-2.5-7B-Instruct VQA NED-CP: Normalised edit-distance conformal
calibration for abstention (based on SCP)

OK-VQA Selective prediction coverage,
accuracy, exact match accuracy,
normalised edit distance, AR ?

[117] DeepSeek-V3 (671B, 37B), GPT-4o,
GPT-4o-mini, Kimi-K2 (1T, 32B),
DeepSeek-Chat (671B, 37B)

RAG, MCQA ConfAgents: Adaptive multi-agent
framework with a conformal-gated triage
step (based on SCP)

MedQA, MMLU, MedBullets,
AfriMedQA

Accuracy, processing time,
completion tokens, total tokens,
balanced ef�ciency score, preference
rate

[118,
119]

Vicuna-7B-v1.5, Vicuna-13B-v1.5,
Qwen-2.5-3B-Instruct*, Qwen-
2.5-7B-Instruct, LLaMA-3.2-1B*,
LLaMA-3.1-8B-Instruct

MCQA, reasoning SCP with frequency-based predictive entropy MedMCQA, MedQA, MMLU,
MMLU-Pro

EMR, ECR? , APSS, AUROC

[120] GPT-3.5, LLaMA-2-13B, LLaMA-3-
8B, Qwen-3-32B

RTP (as OpenQA), NL2LTL HERACLES: Hierarchical conformal natural
language planner (based on SCP)

Synthetic NL2LTL Tasks � , Mini-City
Hardware Scenarios�

Mission success rate (�ECR), help
rate (�NSR), average length of
successful plans

Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[121] Gemini-2.0-Flash, GPT-3.5-Turbo MCQA, math, reasoning,

LLM-as-a-judge
Inter-cascade: Interactive online LLM cascade
with in-context knowledge distillation with
PAC (based on LTT)

GLM-Symbolic, GSM-Plus,
MetaMath, NASA-History-MCQ

Pipeline accuracy, weak LLM
accuracy, coverage rate, AR? , strong
LLM call rate, weak correct accepted,
token reduction, cost reduction

[122] N/A OpenQA, code generation,
RAG, MCQA

UniCR: Uni�ed con�dence calibration and
refusal (based on CRC)

RAG LFQA Dataset� , TruthfulQA,
SFQA Prompts� , Code Generation
Benchmark�

Risk-coverage curves, area under
the risk-coverage curve, empirical
selective risk, test coverage, violation
frequency, FActScore, exact-match
rate, contradiction rate, end-to-end
latency, AR?

[123] GPT-4.1-nano, Gemini-2.5-Pro,
Gemini-2.5-Flash

Text classi�cation, topic
prediction, sentiment
analysis

CondCP-Filter: Conformal �ltering via kernel-
localised QCCP [38]

Symptom to Diagnosis, arXiv
Abstracts� , Emotions Twitter

F-measure, PPV, TPR, Shannon
entropy

[124] LLaVA-v1.6-13B, Monkey-
Chat (7B), LLaVA-v1.6-7B,
InternLM-XComposer2-VL
(7B), Yi-VL-6B, CogAgent-
VQA (7B), MobileVLMV2-7B,
MoE-LLaVA-Phi2-2.7B*, mPLUG-
Owl2 (7B), Qwen-VL-Chat (7B),
QLaVA-v1.6-34B

MCVQA, diagram
understanding

SCP (using LAC and APS) MMBench, Digits (subset of
OODCV-VQA), ScienceQA,
SEEDBench, AI2D

ECR, accuracy, uncertainty-aware
accuracy, APSS, ECE, MCE

[125] N/A Text generation CoVeR: Token-level conformal calibration for
autoregressive decoding (based on PAC CP
[47])

N/A N/A

[126] GPT-4.1-nano, GPT-4o-mini,
LLaMA-4-Scout (109B, 17B),
Gemma-3-4B*, Gemma-3-12B,
Gemma-3-27B, InternVL3-1B*,
InternVL3-2B*, InternVL3-8B,
Qwen-2.5-VL-3B*, Qwen-2.5-VL-
72B, LLaVA-1.5-7B, LLaVA-1.5-13B,
Molmo-E-1B*, Molmo-D-7B,
Pixtral-12B

MCVQA, reasoning,
diagram understanding

Split conformal prediction (using LAC, APS,
marginal score)

MMMU, MMMU-Pro, ScienceQA,
AI2D, MathVision, WorldMedQAV

ECR, APSS, accuracy, entropy score

[127] LLaMA-3.3-70B-Instruct-Turbo,
GPT-4o-mini, Mixtral-8x7B-Instruct-
v0.3, LLaMA-3.1-8B-Instruct-Turbo

OpenQA, reasoning B-UCP: Batched unsupervised CP + BB-
UCP: Batched bootstrap UCP + Batch-level
predicate conformal alignment

ASQA, NQ-Open, HotpotQA,
AmbigQA

ECR, average interval width
(�APSS), factuality severity,
factuality lift, average coverage
gap

[128] LLaMA-3.3-70B, Mixtral-8x7B,
LLaMA-3.1-8B, GPT-4o-mini,
Meta-LLaMA-3.1-8B-Instruct-Turbo

OpenQA, LLM-as-a-judge,
reasoning

BB-CRC: Batched bootstrap CRC + RBWA-
CRC: Randomised batch weighted-average
CRC + Conformal actuator monotone decision
gate

ASQA, NQ-Open, HotpotQA,
AmbigQA

Empirical risk, factuality severity,
factuality severity reduction, LLM-
as-Judge severity

Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[129] LLaMA-3-8B OpenQA, math, reasoning Similarity-weighted CRC for hallucination

detection
TriviaQA, GSM8K Hallucination detection TPR, TPR

variability under shift, hallucination
miss risk (�FNR) ?

[130] Moonshot-v1-8k, LLaMA-2-7B,
LLaMA-2-13B, LLaMA-3-8B-
Instruct, LLaMA-3-70B-Instruct,
Qwen-Plus, Qwen-32B, DeepSeek-
V3 (671B, 37B), DeepSeek-R1 (671B,
37B), GPT-3.5-Turbo, GPT-4o

OpenQA AggLCF: Aggregation-enhanced localised
conformal factuality (based on SCP with
engression and cluster-level conformity)

MedLFQA EF? , EMR, number retained
subclaims, CRR+?

[131] GPT-4.1-nano, GPT-4.1-mini, GPT-
4.1

MCQA, LLM-alignment Conformal arbitrage (based on CRC) TruthfulQA, MMLU, PKU-
SafeRLHF

Accuracy, average cost per example,
empirical human alignment,
safety-violation loss, accuracy-loss
guardrail risk ?

[132] LLaMA-2-7B, LLaMA-2-13B,
LLaMA-2-70B, Mistral-7B,
Falcon-7B, Falcon-40B, MPT-7B,
Qwen-1.8B*, Qwen-7B, Qwen-
14B, Qwen-72B, Yi-6B, Yi-34B,
DeepSeek-7B, DeepSeek-67B,
InternLM-7B

MCQA DS-CP: Domain-shift-aware conformal
prediction (based on weighted SCP [42])

MMLU ECR, APSS

[133] LLaMA-3.1-8B-Instruct,
OpenChat-3.5 (7B), Qwen-2.5-
3B-Instruct*, Qwen-2.5-7B-Instruct,
Qwen-2.5-14B-Instruct

OpenQA, MCQA, reading
comprehension

SAFER: Abstention-aware sampling (based
on LTT) + Conformalised �ltering (based on
CRC)

TriviaQA, ScienceQA, CoQA EER, ECR? , APSS, average
calibrated sampling budget

[134] LLaMA-3-8B-Instruct, LLaMA-
3-7B-Instruct, GPT-4o,
Qwen-2.5-72B-Instruct

OpenQA, biography
generation, fact veri�cation

CLC: Conformal linguistic calibration for
uncertainty-aware claim rewriting (based on
LTT)

SimpleQA, Natural Questions,
FActScore

EF, conditional pointwise mutual
information

[135] Mistral-7B-Instruct-v0.3, Gemma-7B-
it, LLaMA-3.1-8B-Instruct

OpenQA, MCQA,
reasoning

AR-NECP: Label-conditional adaptive
rejection and non-exchangeable CP (based on
SCP)

TriviaQA, HotpotQA, MMLU ECR, APSS, unanswerable APSS,
mean relative error of estimated
domain counts

[136] Qwen-2.5-Math-7B-PRM800K,
Math-Shepherd-PRM-7B,
UltraRM-13B, GPT-4

Math, reasoning, property-
constraint satisfaction

E-scores: e-value calibration for post-hoc
correctness guarantees of generative outputs
(based on conformal e-prediction [45])

ProcessBench, UltraFeedback Size distortion, mean error vs. mean
tolerance level, precision-recall
curves, AUPRC?

[137] GPT-3.5-Turbo, GPT-4o,
GPT-4o-mini

OpenQA, biography
generation

CoFact: Online density-ratio estimation +
Adaptive reweighted SCP for covariate shift

MedLFQA, Wikipedia Biographies,
WildChat+ (from WildChat)

EF, CRR+

[138] DeepSeek-R1-Distill-Qwen-1.5B*,
DeepSeek-R1-Distill-LLaMA-
70B, LLaMA-3.1-8B-Instruct,
Qwen-2.5-7B-Instruct, Qwen-2.5-
32B-Instruct, QwQ-32B, s1.1-7B,
s1.1-32B, Skywork-OR1-7B,
Skywork-OR1-32B

Math, reasoning ATTS: Asynchronous test-time scaling
with online-calibrated conformal rejection
sampling

MATH100, AIME24, AIME25,
AMC23

Marginal accuracy, conditional
accuracy, budget prediction
accuracy, end-to-end speedup,
latency, throughput, token
consumption

[139] N/A OpenQA, RRG MCCS: Multi-condition conformal selection N/A N/A
Continued on next page
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Table 1 continued from previous page
Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[140] LLaMA-3.1-8B, Mistral-7B-Instruct-

v0.3, DeepSeek-R1-Distill-Qwen-14B
MCQA, sentiment analysis,
fact veri�cation, topic
prediction, toxicity
detection, LLM-
alignment, OpenQA,
reading comprehension,
commonsense inference

Conformal probes: Con�dence-threshold
selective prediction with deferral (based on
SCP)

MMLU, CosmoQA, PiQA, ARC,
MedMCQA, CommonsenseQA,
OpenBookQA, QASC,
AmazonReviews, TwitterSentiment,
Yelp Polarity, TwitterFinance,
NewsMTC, IMDB Reviews,
Financial Phrasebank,
AuditorSentiment, DAIR-AI
Emotion, SST5, ClimateFEVER,
HealthVER, FEVER, AGNews,
BBCNews, NYTimes, JigsawToxicity,
JigsawUnintendedBias-Toxicity,
Self-Aware, KnownUnknown,
WildJailbreak, NaturalQA,
MCMarco, TriviaQA

Consistency (�non-deferred subset
accuracy), selective prediction
coverage, PPV, TPR, accuracy loss,
AR?

[141] LLaMA-3.1-8B, Phi-3-small (7B) MCQA, reading
comprehension,
commonsense inference,
DRS, document
summarisation

PA-QCCP: Paraphrase-aware nonconformity
+ SCP/QCCP [38] calibration

MMLU, CosmoQA, HellaSwag,
HaluDial (from HaluEval), HaluSum
(from HaluEval), MedMCQA,
MedQA

ECR, APSS, accuracy, Brier score,
NLL

[142] Qwen-3-1.7B*, Qwen-3-4B*, Qwen-3-
8B, Qwen-3-14B

LLM-routing, MCQA,
reasoning, math, code
generation

CR2 : Conformal risk-controlled routing with
supervised contrastive learning answerability
and multi-label candidate set

MMLU, MMLU-Pro, GSM8K, Big-
Bench Hard, GPQA, MBPP

Routing accuracy, average per-
sample token cost, average
per-query composite routing loss,
candidate set size (�APSS)

[143] Qwen-3-0.6B**, Qwen-3-
0.6B-Think**, Qwen-3-4B*,
Qwen-3-4B-Think*, Qwen-3-8B,
Qwen-3-8B-Think, Qwen-3-32B,
Qwen-3-32B-Think, Qwen-3-30B-
A3B (30.5B, 3.3B), LLaMA-3.2-1B-
Instruct*, LLaMA-3.2-3B-Instruct*,
Meta-LLaMA-3.1-8B-Instruct,
SmolLM2-123M-Instruct**,
SmolLM2-360M-Instruct**,
SmolLM2-1.7B-Instruct*, GPT-
OSS-20B (21B, 3.6B), GPT-5-nano,
GPT-5.1, Gemini-2.5-Pro

OpenQA, reasoning, math,
RAG, fact veri�cation

Split conformal factuality �ltering for RAG
(based on [65])

FActScore, FActScore-Rare, MATH,
Natural Questions

EF, power (�TPR), FPR, non-
empty rate, non-vacuous empirical
factuality, suf�cient correctness,
CRR+

[144] N/A OpenQA, RRG MCS: Multivariate conformal selection N/A N/A
[145] LLaMA-2-7B, LLaMA-3-8B, Mistral-

7B, Falcon-7B, MPT-7B, Yi-6B
OpenQA, reading
comprehension

COPU: Conformal prediction for uncertainty
quanti�cation (based on SCP using LAC)

TriviaQA, WebQuestions, SQuAD,
WikiQA

ECR, APSS

[146] LLaMA-3.1-8B-Instruct MCQA SOCOP: Singleton-optimised conformal
prediction (based on SCP)

MMLU ECR, APSS, NSR

Continued on next page
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Ref Language Model(s) Task(s) Conformal Method(s) Dataset(s) Evaluation Metric(s)
[147] GPT-4o mini, Gemini 2.0 Flash-

Lite, Gemini 2.5 Flash, LLaMA-3-8B,
Qwen3-8B

Document summarisation CIS: Conformal importance summarisation
(based on SCP)

ECTSum, CSDS, CNN/DM,
SciTLDR-AIC, SciTLDR-Full,
MTS-Dialog

AUPRC, ECR, TPR, proportion
sentences removed

[148] LLaMA-3.3-70B-Instruct, Qwen-2.5-
72B-Instruct, DeepSeek-V3 (671B,
37B)

OpenQA, biography
generation

MACI: Multi-LLM adaptive conformal
inference + MACI-DRE: MACI with density
ratio estimation (based on SCP and Mondrian
SCP)

MedLFQA, Wikipedia Biographies,
ExpertQA

EF, CRR+, GCEF, MSE, FPR, Jaccard
distance

[149] GPT-4o, GPT-4o-mini,
DeepSeek-R1-Distill-Qwen-32B,
Qwen-2.5-72B-Instruct

LLM-as-a-judge, reasoning,
text summarisation,
reading comprehension

SCP with ordinal boundary adjustment (using
CQR [44], Asym CQR [150], CHR [151], LVD
[152], Boosted CQR/LCP [153], R2CCP [154],
OrdinalAPS [155], OrdinalRC [156])

SummEval, DialSumm, CosmoQA,
DROP, e-SNLI, GSM8K

ECR, average interval width
(�APSS), MSE, MAE, Spearson's
rank correlation coef�cient,
Kendall's rank correlation coef�cient

[157] LLaVA-1.5, Phi-3.5-Vision-Instruct
(4.2B)*, LLaMA-3.2-11B-Vision,
GPT-4o-mini, LLaVA-Med-
7B, CvT2DistilGPT2 (81M)**,
MAIRA-2-7B, LLaVA-v1.6

RRG, document
understanding, scene
understanding

ConfLVLM: Conformal claim-level factuality
�ltering for LVLM (based on SCP)

MSCOCO, MIMIC-CXR, SROIE EF, CRR�, AR, claim-level
TPR/FNR/F-measure, response-
level error rate/average loss,
CRR+ ?

[158] MentaLLaMA-7B-Chat,
EYE-LLaMA-7B

OpenQA, MCQA, text
classi�cation

ICAD: Inductive conformal anomaly detection
with dropout-tolerant nonconformity

COVID-QA, MedMCQA, EyeQA,
IMHI

False alarm rate (�EMR), ECR ? ,
AUROC

[159] Gemma-3-1B* RTP (as MCQA) CoFineLLM: Conformal �netuning for LLM-
based planners (based on SCP)

BabyAI-Text � , Mini-Urban
GridWorld � , Real Robot
Mini-Urban �

ECR, APSS, help rate (�NSR),
veri�cation rate

[160] LLaMA-3.2-3B* RAG, LLM-
recommendation

SarRec: Statistically-guaranteed augmented
retrieval for recommendations (based on CRC
with RCPS [37])

LastFM, Steam, MovieLens-100K TPR, PPV, mean reciprocal rank,
NDCG, APSS

[161] GPT-4.1, o4-mini, o3-mini, LLaMA-3,
LLaMA-4

EHR entity extraction, fact
veri�cation

Selective EHR extraction via conformal
thresholding (based on SCP)

RespondHealth PD EHR notes (10K
visits) � , VeriFact-BHC (MIMIC-III)

Acceptance-set coverage (�ECR),
rejection rate (�AR), Brier score,
ECE, FActScore, PPV, TPR, F-
measure, status accuracy, rating
accuracy, inter-clinician agreement

[162] GPT-4, Qwen-2-VL-7B, MiMo-VL-
7B-RL

Arrhythmia detection,
sleep stage classi�cation

ConMIL: Conformalised multiple instance
learning (based on CRC with RCPS [37])

SleepEDF, PTB-XL Accuracy, PPV, TPR, FNR, F-
measure, singleton rate, NSR, AR,
ECR, APSS, AUROC, AUPRC

[163] Mistral-7B, MetaMath-
Mistral-7B, Zephyr-7B-beta,
Chinese-Mistral-7B, Dolphin-
2.6-Mistral-7B, LLaMA-3-8B,
Dolphin-2.9-LLaMA3-8B

LLM-routing, MCQA,
math, reasoning

RACER: Risk-aware calibrated ef�cient
routing for multi-LLM systems (based on
CRC)

GSM8K, MMLU, CMMLU, ARC-
Challenge

Empirical misrouting risk, APSS,
downstream aggregated accuracy,
inference overhead reduction

[164] LLaMA-3-8B-Instruct, Qwen2-VL-
7B-Instruct, Qwen2.5-Math-RM-72B

OpenQA, math, reasoning,
image captioning

CFC: Conditional factuality control (based on
QCCP [38]) + CFC-P (CFC with PAC)

GSM8K, TriviaQA, Flickr8k ECR, APSS, group-strati�ed
coverage

[165] GPT-4o, LLaMA-3.3-70B-Instruct,
Qwen3-Embedding-8B

RAG Context-RAG: Post-retrieval �ltering using
Conformal-Embedding and Conformal-LLM
scoring (based on SCP)

NeuCLIR, RAGTIME ECR, context removal rate, factual
quality via ARGUE F-measure
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Table 2: Evaluation metrics for the SCP, conformal selection, and conformal factuality methods.

Metric De�nition Ref

Empirical Coverage Rate ECR; Fraction of test examples for which the true output is contained in the
prediction set.

[12]

Empirical Miscoverage Rate EMR; The complement of ECR, such that EMR = 1 � ECR. Also sometimes
referred to as EER.

[12]

Size-strati�ed Coverage Rate SSC; Coverage computed within bins of prediction set size; often
summarised as the minimum bin-wise coverage.

[31]

Size-strati�ed Miscoverage Rate SSM; The complement of SSC, such that SSM = 1 � SSC. [31]
Average Prediction Set Size APSS; Average cardinality of the prediction set across test examples. In

classi�cation, this is the average number of outputs returned per example.
[12,166]

Non-singleton Rate NSR; Proportion of test examples whose prediction set contains more than
one output.

[166]

Empirical False Discovery Rate EFDR; Proportion of selected outputs that are false discoveries, i.e. selected
but negative/not aligned.

[34,81]

Power Proportion of truly positive/aligned examples that are successfully selected. [34,81]
Empirical Factuality EF; Observed fraction of retained outputs that are factual. Equivalent to ECR. [137]
Group-conditional Empirical Factuality GCEF; The group-wise variant of EF.
Claim Retention Rate CRR+; Proportion of original claims retained after �ltering. [137]
Claim Rejection Rate CRR�; The complement of CRR+; CRR� = 1 � CRR+.

Whilst we endeavoured to control variables such as user-speci�ed error rate, tolerance level,
failure probability, etc., in some cases, this was not possible. In addition, when multiple datasets
were used within the same task, we report the mean performance across datasets for each method.
Lastly, even in the ideal outcome where datasets and variables are equivalent across methods,
there are still discrepancies in the dataset splits, temperature values, calibration set size, as well
as confounding factors due to LLM families, evaluation protocols, task heterogeneity, etc. As such,
these performance tables should only be taken as a guide, rather than an empirical comparison.

In light of this, we conduct a performance analysis with a strict selection criterion, such that the
empirical results of various conformal methods are directly comparable. We conducted frequency
analysis to isolate the most common datasets for evaluation, and the most common tasks LLMs
are calibrated for using conformal methods (see Section 6(b) for results). We then pool the data
and make selections that ensure a collection of datasets for a diverse list of tasks. We then look
for conformal methods which are evaluated both for these tasks and on these datasets and group
them by branch node, excluding any which do not report the two primary metrics of each branch.
We then further re�ne our method selection by ensuring the nominal target coverage 1 � � 2
f0:70; 0:90; 0:95; 0:99g or nominal FDR � FDR = 0:25 be �xed. After narrowing down our list of
conformal methods to evaluate, we add additional analysis: logit-based vs. logit-free methods,
methods for LLMs vs. LVLMs, methods with marginal coverage vs. group-conditional coverage,
and methods operating under various distribution shifts.

The performance of each conformal method is reported after the method is introduced, and is
illustrated in Figure 6 for split-conformal-based methods with LLMs, Figure 8 for split-conformal-
based methods with LVLMs, Figure 13 for conformal selection-based methods, and Figure 16 for
conformal factuality methods. In the case of both the logit and language model comparisons,
these are reported in their own respective sections, Section 7(a)ii and Section 7(b)ii, and in
Figure 11. The evaluation metrics for the split-conformal, conformalised selection, and conformal
factuality methods are given above; the metrics for the logit and language model comparisons are
de�ned below for the nominal coverage in a given setting c, the observed coverage achieved by
the conformal method ĉ (ECR, see Table 2), and the number of evaluated settings over which
the metric is averaged n. For aMACE, � is the weighting coef�cient that controls how much
undercoverage vs. overcoverage is penalised (denoted � u and � o). APSS is de�ned in Table 2.

• Symmetric Mean Absolute Coverage Error (sMACE): An indicator of the overall
magnitude of calibration error.

sMACE =
1
n

X
jĉ � cj : (5.1)
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• Asymmetric Mean Absolute Coverage Error (aMACE): An indicator of the overall
magnitude of calibration error, where undercoverage (failure to meet nominal coverage)
is penalised more than overcoverage (conservativeness).

aMACE =
1
n

X
[� u max(c � ĉ; 0) + � o max(ĉ � c; 0)] ; where � u = 2; � o = 1: (5.2)

• Overcoverage Mean Absolute Coverage Error (oMACE): An indicator of how
conservative a conformal method is.

oMACE =
1
n

X
max(ĉ � c; 0) : (5.3)

• Undercoverage Mean Absolute Coverage Error (uMACE): An indicator of how often a
conformal method fails to meet nominal coverage.

uMACE =
1
n

X
max(c � ĉ; 0) : (5.4)

• Mean Average Prediction Set Size (APSS): An indicator of the overall ef�ciency of the
conformal method.

Mean APSS =
1
n

X
APSS: (5.5)

The following datasets are used: Multiple-choice question-answering (MCQA) MMLU [167]
and MedMCQA [168], open question-answering (OpenQA) TriviaQA [169], CoQA [170], and
Natural Questions [171], mathematical reasoning GSM8K [172] and MATH [173], visual question-
answering (VQA) MMMU [174], AI2D [175], and ScienceQA [176], and long-form generation
MIMIC-CXR [177], FActScore [178], MedLFQA [79,179], and Wikipedia Biographies [65].

6. Trends in the Research
After systematically synthesising key characteristics of all conformal prediction studies featured
in this review, we conduct frequency analysis and observe patterns and trends in this growing
�eld, with respect to large language models in Section 6(a) and tasks & datasets in Section 6(b).

(a) Large Language Models

Across the 106 papers surveyed in this review, a wide variety of LLMs were utilised. In total, 424
LLM instances were evaluated, comprising 224 unique models across 42 model families. There
were 31 LLM providers in total, though the majority of model families were distributed across
the top seven providers, illustrated in Figure 3.

The top providers were dominated by American and Chinese technology or AI companies,
which developed 50% and 37% of all LLMs evaluated in studies surveyed in this review,
respectively. In comparison, the remaining 6% and 7% are developed in Europe and elsewhere,
respectively. The leading provider in Figure 3 is Meta, popular for its open-source LLaMA family
of models, followed by the Chinese open-source leader Alibaba, responsible for the versatile
Qwen series, and OpenAI, the company behind ChatGPT. The distribution of models tracks the
frequency of the top providers; the LLaMA model family [180–182] was the most popular across
the literature (32%), followed by Qwen [183–186] (17%) and GPT [187,188] (15%), then Mistral
and Mixtral [189,190] (6%), DeepSeek [191,192] (5%), and Gemini [193–195] (4.5%).

We also quantify the divide between open-source (i.e. white-box LLMs; public model weights,
logit access) vs. closed-source (black-box LLMs; no public weights or logits, API-only access)
across the papers we surveyed (see the pie chart in Figure 3). We found that the majority (81%) of
studied models were open-source, possibly due to permissive licensing, widespread availability,
and lower-cost inference. Closed-source models were the minority (19%), and mostly comprised
OpenAI's GPT-4.x and GPT-4o and Google's Gemini. Unfortunately, the lack of frontier model
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Figure 3: We �nd that the majority of top providers are American and Chinese technology or AI
companies, with Meta leading due to widespread use of its high-performance, low-cost open-
source LLaMA family of models. In addition, we �nd that only 19% of the LLMs studied are
closed-source, indicating a research gap with proprietary and frontier LLMs validation.

representation is a gap in the literature, as the research into uncertainty quanti�cation with
rigorous statistical guarantees of validity for the most popular LLMs is limited.

Research has shown that even advanced LLMs still suffer from hallucinations, bias, and
overcon�dence [4–6]. Whilst frontier models are often proprietary, open science and the
dissemination of ideas encourage rapid innovation, with companies like Meta, Alibaba, and
DeepSeek paving the way for industry-academic collaboration. Whilst improving the reliability
of white-box open-source models is a worthy endeavour, frontier LLMs such as ChatGPT, Claude,
and Gemini are used by millions of non-technical consumers every day [196–198], and are now the
powerhouses behind many businesses [199]. Therefore, we can say that improving the reliability
of these frontier models will have the greatest impact on human society.

Recommendation. With this in mind, we encourage researchers in this �eld to continue to
pursue uncertainty quanti�cation techniques for black-box models with conformal prediction.
Whilst several logit-free methods have been proposed [69,73,75,98,106], there are still many
challenges to overcome, discussed in more detail in Section 13. Many logit-free methods are
validated on GPT-3.5, which is no longer representative of the state-of-the-art. We therefore
recommend that researchers continue to adapt conformal prediction to black-box models, and
validate on a more diverse selection of closed-source models, more frequently. We recommend a
split of 40%/60% closed-source and open-source. For example, no Anthropic LLM is included in
the 224 unique models evaluated in this �eld so far, despite widespread consumer popularity.

(b) Tasks and Datasets

Beyond LLM model families, we also analysed the distribution of tasks and the evaluation
datasets used in all 106 of the papers we surveyed in this review. There were 53 distinct tasks
identi�ed overall, with 197 unique datasets that spanned these tasks. Figure 4 illustrates the top
30 datasets and their task-wise compositions with the top 16 tasks overall.

The two most popular datasets in the conformal prediction for LLMs literature are TriviaQA
[169] for open-domain QA (6.8%) and MMLU [167] for multiple-choice QA (5.9%), as shown
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Figure 4: The task composition of the top 30 datasets was relatively diverse, with the top 16
tasks consisting of most open-domain QA (15%), multiple-choice QA and reasoning (both 11%),
followed by mathematics and reading comprehension (both 6%), then fact veri�cation (3.8%) and
common-sense inference (2.6%). The remaining tasks include radiology report generation, text
summarisation, and multiple-choice visual QA, among others, each task with a share of �2.3%.

in Figure 4. The remaining 195 datasets are spread widely, with many datasets used only
once or twice in total. Following on from TriviaQA and MMLU, the remaining eight datasets
in the top ten are GSM8K and CoQA [170,172] (2.4%), FActScore and MedMCQA [168,178]
(2.1%), MIMIC-CXR and Natural Questions [171,177] (1.8%), and MATH and MedLFQA [173,179]
(1.5%). These datasets are heterogeneous in their task composition; GSM8K and MATH are for
mathematical reasoning, CoQA is a QA dataset for reading comprehension, FActScore is for fact
veri�cation, and Natural Questions and MedMCQA are open-domain QA and multiple-choice
QA, respectively. MedLFQA is for open-domain long-form QA, often used in conjunction with
FActScore for evaluating factuality. MIMIC-CXR is for radiology report generation (RRG).

Prior to conducting our controlled performance analysis, we utilised frequency analysis to
make our dataset selections, ensuring that we achieved a diverse set of representative tasks. We
took the top ten datasets and then aggregated them with the top three multi-modal datasets,
ScienceQA [176] (1.5%), AI2D [175] (0.9%), and MMMU [174] (0.6%), for multiple-choice visual
QA and diagram understanding tasks to evaluate LVLMs. Lastly, we added the Wikipedia
Biographies [65] (0.9%) dataset to further diversify our task selection, and because it was a
popular benchmark for factuality evaluation, in particular conditional coverage, a test setting
we wanted. Overall, our selection of 14 datasets for the controlled performance analysis covered
a diverse range of tasks, including OpenQA, MCQA, mathematical reasoning, RRG, biography
generation, reading comprehension, fact veri�cation, MCVQA, and diagram understanding.

Overall, observing the full dataset distribution and the conformal methods are evaluated
on it, we �nd some interesting trends. Although the literature is characterised by substantial
heterogeneity and an abundance of datasets, conformal studies tend to fall into one of two
dichotomous categories; some rely on relatively obscure datasets that have not been used in prior
work in this �eld, or introduce new datasets tailored speci�cally to the task or application they
are researching (such is common in robotics studies [52,83,85,96,120,159]). Others fall into the
second category, evaluating their methods on a small set of widely used benchmarks in their
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niche. For example, most split-conformal calibration papers are evaluated on TriviaQA or MMLU,
depending on whether they focus on open- or closed-ended calibration (thus, we get the dataset
in�ation observed for both in Figure 4).

Recommendation. Considering this, we suggest that researchers in this �eld take a blended
approach; consistent evaluation on well-designed publicly released benchmarks such as TriviaQA
should be encouraged, but considerations of task diversity should be made. We also recommend
evaluating on a minimum of four datasets to show generalisability. Consider the following,

• EX.1. From evaluating on MMLU, MedMCQA, and MedQA [200], which are all
multiple-choice, domain-speci�c QA datasets, to MMLU/MedMCQA, CosmosQA [201],
CommonsenseQA [202], and LogiQA [203] for a more diverse task selection, as evaluation
now covers domain-speci�c MCQA, general knowledge MCQA, reading comprehension,
commonsense inference, and disjunctive reasoning. If the focus must be on the medical
domain, extending the evaluation to include a dataset such as AfriMedQA [204], a pan-
African dataset with localised clinical examples absent in other medical benchmarks,
could provide a more rigorous assessment of robustness and bias.

• EX.2. From evaluating on TriviaQA, Natural Questions, and PopQA [205], which are
all open-domain general knowledge QA datasets of varying dif�culty, to TriviaQA,
CoQA, HotpotQA [206], and AmbigQA [207] for a diversi�ed task selection including
open-domain general knowledge QA, multi-step reasoning, reading comprehension, and
question disambiguation, as well as QA of varying dif�culty.

Although, for more specialised research areas, such as conformal factuality, the choice of dataset
is narrower, there are still applicable options. For example, a factuality validation pipeline with
MedLFQA, Wikipedia Biographies, and FactScore, can be further augmented with ExpertQA, a
long-form open-domain QA dataset with expert-curated questions across 32 specialised �elds
[208]. For studies evaluating a conformal abstention mechanism, datasets such as AmbigQA
or TruthfulQA [209], which include ambiguous or adversarial questions, can be useful to test
abstention vs. hallucination rates; models which cannot disambiguate questions should choose
to abstain, or models should abstain rather than mimic human falsehoods (in the case of
TruthfulQA). For conformal RAG, PopQA for testing parametric knowledge should be utilised.

7. Split Conformal-based Methods
This section explores methods based on the split conformal prediction framework 3 outlined in
Section 4. It covers methods in the open-ended and close-ended calibration branch nodes in
Figure 2. The overall section is organised as follows. Section 7(a) surveys logit-based methods for
LLMs and LVLMs, Section 7(b) reviews logit-free methods for LLMs and LVLMs, and Section 7(c)
presents token-level uncertainty methods. The performance of all methods is reported in Table 3.

(a) Logit-based Methods

This section is organised as follows. Section i surveys methods applied to close-ended tasks,
Section ii discusses a performance comparison between LLMs and LVLMs, Section iii presents
optimisation frameworks for close-ended tasks, Section iv reviews methods for open-ended tasks,
and Section v discusses distribution-shift-aware methods.

(i) Close-ended Split-conformal Calibration

Close-ended calibration applies to tasks where a language model's output is restricted to a
prede�ned set of possible responses, as shown in Figure 5. Such tasks include multiple-choice

3With one exception; conformal language modelling is built upon the LTT framework, but as we do not have a dedicated LTT
section and it is the �rst conformal method proposed for open-ended tasks, we place it in Section iv instead.
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question-answering (MCQA), text classi�cation, and sentiment analysis. The following studies
explore the application of conformal prediction to close-ended tasks.

Figure 5: Close-ended Calibration considers tasks where the language model's output is
constrained to a prede�ned set of responses. A typical example is multiple-choice question-
answering, where the model selects from n answer options; four options in this case. The green
check mark indicates that the answer is correct, and the red cross indicates that it is incorrect.

Conformal prediction router (CP-Router) is proposed to address an ef�ciency problem; large
reasoning models (LRMs) often outperform LLMs on dif�cult questions, but they can also
"overthink" easy prompts, generating many more tokens than necessary and sometimes harming
accuracy. CP-Router is a training-free, model-agnostic routing mechanism that decides when a
prompt should be answered by a lightweight LLM and when it should be escalated to a more
expensive LRM [99]. Methodologically, the router is built around conformal prediction in the
MCQA setting. For each prompt, the LLM's option probabilities are converted into nonconformity
scores 1 � f (y), calibrated on a held-out set, and used to form a prediction set whose size serves
as an uncertainty signal; small sets are routed to the LLM, while larger sets are sent to the LRM.
To avoid hand-tuning the error level �, full and binary entropy (FBE) is introduced, which selects
� by maximising both the diversity of prediction set sizes and the balance between singleton and
non-singleton sets. Experiments across several MCQA benchmarks and an adapted open-ended
question-answering (OpenQA) setting show reduced token usage with accuracy comparable to,
and sometimes better than, always using the LRM, supporting the utility of CP-Router.

LLMs for interactive question-answering, where the model must decide which question to
ask next in order to make an accurate prediction with as few turns as possible, remained
unaddressed in the literature. To address this, conformal information pursuit (C-IP) is proposed,
which replaces entropy-based uncertainty in standard information pursuit (IP) with the average
size of conformal prediction sets [107]. The central insight is that conditional entropy can be
upper bounded by a function of expected prediction set size, so query informativeness can
be approximated by choosing the next query that minimises this conformal-set-based bound.
C-IP constructs prediction sets using the split-conformal framework over histories of query-
answer chains, with two strategies for sampling histories:tight uniform sampling over a closed
query set and LLM-simulated histories for open-ended querying. Experiments on 20 Questions
show that C-IP typically yields more informative uncertainty estimates, shorter query chains,
and better predictive accuracy than entropy-based IP and direct prompting; on the MediQ
interactive medical QA dataset, it achieves competitive performance with single-turn prediction
while providing interpretable QA trajectories. The main limitation is that C-IP uses marginalised
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Figure 6: Scatterplots for split-conformal-based methods on MMLU, TriviaQA, GSM8K, and
MedMCQA. Marginal coverage at various targets is explored, including scenarios under
distribution shift. Metrics are de�ned in Section 5. The x-axis is empirical coverage. The red line
indicates the target coverage; to the left of this line is undercoverage and to the right of this line
is overcoverage. The y-axis is average prediction set size; lower values are better.

coverage over query-chain lengths rather than guarantees for the exact realised history. Coverage
can also underperform when calibration data is small or the query space is too broad.



29

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

Figure 7: Close-ended Calibration also applies to visual tasks, such as multiple-choice visual
question-answering, where the output space is restricted to a �xed set of answer options. In this
setting, the LVLM must use visual information from the image to infer the correct answer. The
green check mark indicates that the answer is correct, and the red cross indicates it is incorrect.

(ii) Performance Comparison of LVLMs and LLMs

As with text-based MCQA, MCVQA is a close-ended task where the language model's output
is restricted to a prede�ned set of possible responses, as shown in Figure 7. In the experiments
outlined in Section 5, several conformal methods for LVLMs are evaluated in Figure 8.

In the review objectives outlined in Section 1(a), we proposed Hypothesis B. To recap, we
hypothesised that conformal methods applied to LVLMs may face a more challenging calibration
problem than those applied to the text-only setting of LLMs, due to additional sources of
uncertainty arising from visual perception, cross-modal fusion, and ambiguity in grounding text
to image regions. We posit that we would see a higher coverage error, particularly overcoverage
error, and larger and less informative prediction sets in vision-language tasks.

In Section 5, we outlined a controlled performance analysis, from which we conducted
additional subgroup studies using a diverse subset of those methods. One such subset was
divided based on whether a conformal method was applied to LLMs or LVLMs. We then
computed four variants of mean absolute coverage error (MACE) and mean average prediction
set size (APSS) as de�ned in Section 5, and report our results in Figure 11, under `LLM vs
LVLM' and the bars with purple hue. We �nd that overall, conformal methods applied to LVLMs
exhibited a moderately lower symmetric MACE (sMACE) and asymmetric MACE (aMACE),
and signi�cantly lower undercoverage error, whereas conformal methods applied to LLMs
had a much higher undercoverage error. We also observe a slight increase in APSS for LVLM
methods, and �nd that they tend to be more conservative on average, exhibiting a marginally
higher overcoverage error than LLM methods. The observations we made partially supported
our initial hypothesis. Whilst we observed a lower coverage error for LVLM methods rather
than what we hypothesised, we did correctly anticipate that LVLM methods would have both
a higher overcoverage error and APSS on average than LLM methods. In addition, the near-zero
undercoverage error is likely to be what lowered the sMACE and aMACE; especially aMACE, as
this penalises failure to meet the nominal coverage more heavily than conservativeness.
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Figure 8: Scatterplots for split-conformal-based methods on ScienceQA, AI2D, and MMMU with
LVLMs at marginal coverage. Metrics are de�ned in Section 5. The x-axis is empirical coverage.
The red line indicates the target coverage; to the left of this line is undercoverage and to the right
of this line is overcoverage. The y-axis is average prediction set size; lower values are better.

In the literature, LVLMs have been widely reported to suffer from visual hallucinations,
especially pronounced in open-ended generation and stemming from failures tied to visual
grounding and perception, modality interaction, and ambiguous or anomalous inputs [94,
124,126,210–212]. In many cases, accuracy in LVLMs is not tightly aligned with uncertainty,
such that stronger performance does not always translate to sharper and less conservative
conformal behaviour [124,212]. Open-ended multimodal tasks are shown to introduce semantic
redundancy and instability, which can enlarge prediction sets and reduce their informativeness
[69]. In addition, in some domains such as mathematics and reasoning-heavy multimodal
tasks, performance worsens, which suggests that multimodal uncertainty is heterogeneous and
domain-sensitive, which could manifest as conservative conformal behaviour [126].

Therefore, the literature is consistent with our claims that LVLMs may have additional sources
of uncertainty arising from the visual encoder and multimodal fusion components. However,
the mechanisms underlying our results are not fully clear. On the other hand, these additional
uncertainty signals broaden conformity scores or make them noisier, encouraging conformal
methods to opt for larger and safer prediction sets; this may explain the higher overcoverage
error and APSS, and lower undercoverage error we observed. However, the literature also �nds
that open-ended generation is a major uncertainty contributor [69,211], whereas all of the LVLMs
in our controlled performance analysis, with the exception of one, were evaluated on close-ended
tasks, i.e. multiple-choice visual question-answering (MCVQA).

Therefore, while we do not claim a de�nitive causal explanation, the empirical evidence
indicates that, in our experiments, conformal methods for LVLMs exhibit a stronger coverage-
informativeness trade-off than those for LLMs.

(iii) Close-ended Split-conformal Calibration with Set Optimisation

Two common primary objectives for split-conformal based methods for discrete LLM tasks, such
as MCQA, are guaranteeing marginal coverage and decreasing the length of prediction sets.
However, often the former takes priority with the latter being considered a secondary criterion,
which limits the informativeness of the prediction sets in downstream decision-making due
to unnecessarily large sizes. In addition, marginal coverage can often be too weak when one
needs validity across subpopulations or under structured covariate shifts. Therefore, conformal
prediction with length-optimisation (CPL) is proposed as a principled framework for minimising
expected prediction set length subject to conditional validity constraints [82].

It is well known that Conformal Prediction has two major challenges in practice: conditional
validity and length inef�ciency. Conditional validity means for every x 2 X , P(y n+1 2
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C(x n+1 )jx n+1 = x) = 1 � � for a given miscoverage rate �. On the other hand, length ef�ciency
is about producing prediction sets whose length is as small as possible while maintaining the
required conditional validity. The length objective is the expected size of the prediction set C(x),
which is cardinality in the classi�cation setting. The optimisation problem is therefore for a
given miscoverage rate �, min C E[len(C(x))] s.t. E

�
f (x)

�
1(y 2 C(x)) � (1 � �)

��
= 0; 8f 2

F, where 1(:) is an indicator function, and F is a class of functions from X to R to model covariate
shift. The �rst step is to de�ne the Lagrangian-like objective, g � (f; C) = E

�
f (x)

�
1(y 2 C(x)) �

(1 � �)
��

� E[len(C(x))] yields min f2F maxC g� (f; C). A strong duality result is proven; under
continuity assumptions, the above minimax problem is equivalent to the “minimum-length
subject to conditional validity” problem. Moreover, if (f � ; C � ) is optimal, then C � (x) = fy 2 Y :
f � (x)p(y j x) � 1g. The optimally conditionally valid prediction set is a covariate-adaptive density
level set. As such, length-optimal prediction sets should look like thresholded level sets of p(y j x),
where the threshold is adapted through f � (x) to satisfy the desired validity constraints. In the
marginal-coverage special case, this reduces to a �xed global density level set.

For a given dual variable f , the best set is exactly the corresponding density level set. The
outer minimisation over f then chooses the one that enforces the desired validity constraints
over the class F. This is interpreted as follows: the outer minimisation navigates the space of
conditionally valid sets, while the inner maximisation picks the shortest one within that direction.
Because the optimal sets depend on the unknown density p(y j x), a more practical relaxed
minimax formulation based on a given conformity score s(x; y) is given. Instead of optimising
over arbitrary sets, it restricts to structured sets of the form C s

h (x) = fy 2 Y : s(x; y) � h(x)g and
optimises over threshold functions h 2 H, where s is any chosen conformity score and H is a class
of real-valued functions on the set X . The score is not optimised, only the adaptive threshold
function h(x) on top of a �xed score. This is the distinction from works such as [213]. CPL
then solves the smoothed �nite-sample relaxed minimax problem by alternating ascent on h and
descent on f . The main �nite-sample result shows that for any f � 2 F when f � is represented by
a � 2 R d and f(x) = h�; �(x)i, the conditional-coverage violation of the learned set is bounded.

In the experiments outlined in Section 5, CPL is evaluated in Figure 6a. On MMLU at a target
marginal coverage of 90%, CPL meets the target and achieves an APSS of 2.80, outperforming
APS-based methods. The paper does not report results for CPL on conditional coverage targets.
On MMLU at a target marginal coverage of 95%, CPL is just shy of the target by 0.2%, and is
ranked 2nd in terms of the lowest APSS out of three nonconformity score functions and two
other optimisation methods evaluated. CPL only guarantees conditional validity relative to a
user-chosen �nite-dimensional class F of covariate shifts. Note that the guarantees are only as
strong as the chosen feature basis �(x). If subpopulation structure is not represented in F, CPL
may still miscalibrate on those hidden subgroups. Additionally, in �nite samples, the guarantee
is only approximate conditional validity at stationary points of the smoothed minimax objective,
not exact optimality of the algorithm. The coverage error is shown to decrease at a rate O(n �1=2 ),
but there is no proof that the learned stationary point achieves �nite-sample length optimality.

Many conformal set optimisation methods for close-ended LLM tasks such as MCQA aim
to minimise APSS, but in many practical settings the most valuable outcome is a singleton set,
because non-singleton outputs often require additional human intervention or are associated
with downstream ambiguity; for example, in MCQA, a single, correct answer is objectively
more useful to the end user than a set of possible, but not explicitly correct answers. Motivated
by the need to optimise conformal methods not merely for shorter answer sets on average
but for a higher frequency of unambiguous answers, singleton-optimised conformal prediction
(SOCOP) is proposed [146]. SOCOP introduces a new nonconformity score derived from a
constrained optimisation problem that balances the probability of producing non-singleton sets
against expected set size under a coverage constraint. By studying the Lagrangian form of this
problem, it is shown that optimal prediction sets take the form of top-k label sets and are nested
as the penalty parameter varies. This yields a conformal score that can be computed ef�ciently
through a geometric reformulation; the key step reduces to �nding the lower convex hull of
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K two-dimensional points, enabling O(K) computation for K-class problems. The resulting
split-conformal procedure preserves standard marginal coverage guarantees. In the experiments
outlined in Section 5, SOCOP is evaluated in Figure 6a. On MMLU at a target coverage of 95%,
SOCOP is ranked 4th in terms of the lowest APSS out of all nonconformity functions and two
optimisation methods whilst maintaining tight coverage. However, SOCOP is not optimised for
APSS, but for the singleton rate (i.e. reducing the NSR). Whilst not enough methods reported NSR
for it to be considered as a metric in the experiments outlined in Section 5, Table 3 report the NSR
for several SCP methods, in which SOCOP is ranked 4th irrespective of user-speci�ed error level
�, and ranked 1 st when �xing � = 0:05 (target coverage 95%). A limitation of SOCOP is that it
targets marginal, not conditional, coverage, and it requires tuning a regularisation parameter �,
which shapes the trade-off between singleton frequency and average set size.

(iv) Open-ended Split-conformal Calibration

Whilst these studies demonstrate the utility of split-conformal-based uncertainty quanti�cation
for LLMs, they have narrow experimental scopes, focusing on close-ended tasks for LLMs such as
binary QA, MCQA, and text classi�cation, where the output is constrained within a prede�ned set
of possible answers. A more challenging task is that of open-ended generation, where the output
is not prede�ned and there is a wide range of semantically-equivalent acceptable responses, and
there may be no unique correct response. Some examples of open-ended tasks for LLMs include
text summarisation and open-domain question answering (OpenQA), as shown in Figure 9. The
following studies explore the application of conformal prediction to open-ended tasks.

Figure 9: Open-ended Calibration considers tasks where the language model's output space is
unbounded. Multiple responses may be semantically equivalent and valid, and there may be no
unique correct answer. A typical example is open-domain question-answering, where the model
responds with free-form text rather than selecting a prede�ned option. The green check mark
indicates that the answer is correct, and the red cross indicates that it is incorrect.

The �rst method to extend conformal prediction from classi�cation to open free-text generation
is conformal language modelling (CLM) [53]. The authors note the differences between classical
conformal prediction building prediction sets by testing candidate labels in a �nite or otherwise
tractable output space, and how this cannot be done for open generation where the output space
is effectively unbounded and combinatorial. Rather than �ltering over an intractable output
space, CLM calibrates a sampling algorithm called conformal sampling with rejection. Given an
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LLM, a set-con�dence function F (indicating that the retained set contains a suf�ciently high
probability of including at least one acceptable answer.), a similarity function S (e.g. ROUGE-L),
and a quality function Q (e.g. the LLM's likelihood function), the algorithm repeatedly samples
outputs y k from the LLM, rejects low-quality samples Q(x; y k ) < � 2, rejects near-duplicates
maxy j 2C � (x) S(yk ; yj ) > � 1, and stops once F (C� (x)) � � 3 where � = (� 1; � 2; � 3) are our choice
of hyper-parameters. There is a calibration set Dcal = f(x i ; Ax i )gn

i=1 where x i is a prompt and
Ax i (y) is a binary function that measures whether or not a generation y 2 Y for prompt x i is
“good enough” (i.e. A x i (y) = 1 means y is acceptable). Using the calibration set, the objective is
to determine the choice of hyperparameters � = (� 1; � 2; � 3) and to build a sampled prediction set
C� (x test) � 2 Y for a new prompt x test satisfying

P
�

P
�
9 y 2 C � (x test) : A x test(y) = 1 j D cal

�
� 1 � "

�
� 1 � �; (7.1)

where " is the tolerated test risk and � controls the dependence on the speci�c calibration
draw. The calibration uses LTT [36], and for each con�guration �, the prediction set C � (x i ) is
constructed by sampling until a calibrated level of con�dence that a good answer is included
is reached. The corresponding loss is Lx i (�) = 1(@ y 2 C � (x i ) : A x i (y) = 1), with the empirical
risk R̂b

n (�) = 1
n

P n
i=1 L x i (�), and a valid Binomial-tail p-value for testing the null hypothesis

H � : E[L x test(�)] > " is p BT
� = P

�
Binom(n; ") � n R̂b

n (�)
�
, where Binom(n; ") denotes a binomial

random variable with sample size n and success probability ". After applying a multiple-testing
correction, the selected valid con�guration is the one that minimises a weighted trade-off between
the �nal set size and the additional sampling cost required to achieve the target con�dence level.

They also introduce component-level selection, where a component e 2 Y is a logically de�ned
subpart of a larger response y. E(y) is a deterministic function that takes a response y and breaks
it down into components. For every input x, there is some component-based admission function
Ac(e), which can be used to judge individual components e for correctness. F c(e) is a function
that gives a con�dence score for the event A c(e) = 1 for component e. The subset of components
for a threshold 
 is de�ned as C inner


 (x) = fe 2 [ y2C � (x) E(y) : F c(e) � 
g. Using the calibration
set with a separate LTT calibration, 
̂ can be estimated to guarantee that for test pair (x test; Ac

x test)
the selected components Cinner


̂ (x test) are correct with probability at least 1 � �. This means that
the CLM method not only provides a set-level guarantee that at least one sampled response is
acceptable, but also a way to identify reliable sub-components such as sentences inside longer
generations. This is motivated by the idea that even when a fully generated answer is imperfect,
parts of it may still be independently correct.

CLM has some limitations. Firstly, its dependence on an admission function A that must
be a meaningful proxy for true answer quality. In the experiments, automatic metrics de�ne
admissibility, and so the guarantee is therefore only as meaningful as the admission function.
Secondly, the approach may become impractical if the sampled sets are too large or too expensive
to obtain. Because of the dependence on repeated LLM sampling, CLM requires that acceptable
responses occur with suf�cient probability under the base model. This means that good outputs
must exist and must be sampled often enough in a tractable number of calls, otherwise a valid
con�guration will not be found and CLM will abstain.

In the experiments outlined in Section 5, CLM with max, sum, and first_k scoring (denoted
CLM-max, CLM-sum, and CLM-�rstk, respectively) are evaluated in Figure 6c, and in Figure 6b,
only CLM-max is evaluated. On GSM8K at a target coverage of 70%, CLM with all scores had an
overcoverage of � 5%, indicating the method is somewhat conservative. In terms of APSS, CLM-
max outperformed the other two scores, with CLM-�rstK yielding the highest APSS out of the
three. On TriviaQA at a target coverage of 70%, CLM-max ranked 4 th in terms of lowest APSS out
of the seven other methods evaluated, and maintained tight coverage.

A primary critique of CLM is that it builds prediction sets by sequentially examining generated
samples and calibrating three thresholds (� 1; � 2; � 3) through the LTT framework. This �ltering
scheme can make CLM both computationally heavier and more fragile, as it wrongly rejects
correct samples which in�ates the effective abstention rate. Thus, for a tight �, CLM may fail
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to �nd a valid con�guration at all and must abstain. In addition, the abstention is binary at
the calibration level; if it �nds a valid con�guration, it will never abstain, and if not, it will
always abstain. Another conformal method, generative prediction sets (GPS), is proposed to
address this limitation [101]. GPS formalises an admissibility function that deems a generated
output acceptable if it satis�es an application-speci�c criterion, such as passing unit tests in code
generation. GPS reduces prediction set construction to conformal regression on the minimum
number of samples required to obtain an admissible output. For each calibration input, they
estimate this stopping time up to a �xed sampling budget, treat failures as a sentinel M + 1,
and conformalise a predictor of the success probability using one-sided CQR (see Section 4).

Prior logit-free sampling-based conformal methods for open-ended generation [73,75] (see
Section 7(b)) rely on the restrictive assumption that a correct answer already appears within
the sampled candidate set, which may not hold in realistic scenarios. Conformal prediction for
uncertainty quanti�cation, or COPU, is a reprompting-based split-conformal framework [145].
For each input, the LLM �rst samples K unique candidate responses; if the ground truth answer is
absent, it is explicitly injected into the candidate set. The LLM is then reprompted with the original
input concatenated with each candidate answer, and token-level conditional probabilities are
multiplied to obtain a sequence score. After softmax normalisation, the least ambiguous classi�er-
style nonconformity score is de�ned and calibrated on a held-out set to produce prediction sets
with target coverage. In the experiments outlined in Section 5, COPU is evaluated in Figure
6b. On TriviaQA at a target coverage of 90%, COPU achieves the lowest APSS out of the six
other methods and their variants, whilst maintaining tight coverage. On TriviaQA at a target
coverage of 70%, COPU achieves the 4th lowest APSS out of the eight other methods and their
variants, whilst maintaining tight coverage. The limitations of COPU are that it requires logit
access whereas the methods it critiqued did not, it approximates the full sequence space through
�nite sampling, and its performance depends on the chosen nonconformity function.

(v) Distribution-shift-aware Methods

Standard conformal prediction has a well-known weakness; its �nite-sample validity relies on
exchangeability between calibration and test data. For deployed LLMs, this assumption is often
violated because prompts at deployment time originate from domains that differ from the
calibration set (known as distribution shift, see Figure 10). Conformal prediction methods for
LLMs have been shown to be under-cover from domain shift, producing prediction sets that
are too small and therefore falsely reassuring to the end user. In addition, standard covariate-
shift weighted conformal prediction is not directly suitable for LLM prompts, because prompts
are high-dimensional and unstructured inputs, so direct density-ratio estimation (DRE) in the
raw prompt space is computationally infeasible. The proposed method, domain-shift-aware
conformal prediction (DS-CP), aims to represent prompt similarity in a semantically meaningful
lower-dimensional space [132].

There is a dataset of prompt–ground truth pairs f(x i ; yi )g
n
i=1 from the old domain, which will

be used as calibration data. For the new domain, only prompts are available and their truth labels
are not observed. DS-CP �rst maps prompts into a lower-dimensional semantic space using a pre-
trained embedding model h : X ! Z. Sentence embeddings from a MiniLM SentenceTransformer
are used so that prompts with similar meaning are mapped nearby; this is intended to capture
cross-domain similarity more effectively than raw prompt tokens. The density ratio is r e(z) =
dP 0

Z
dPZ

(z), where dPZ and dP 0
Z denote the old-domain and new-domain marginal distributions

in embedding space. If this ratio were known, the weighted split-conformal framework [42]
could be applied. However, even in embedding space the dimensionality remains high enough
that estimated density ratios can be extremely imbalanced, in particular, if r e(h(x n+1 )) �
r e(h(x i )); i = 1; : : : ; n then the empirical score distribution places too much mass on the � 1

point used in weighted split-conformal, causing the prediction set to in�ate towards all labels.
To address this, DS-CP introduces a regularisation step; instead of using the test-point weight
r e(h(x n+1 )) directly, it replaces it with a regularised quantity � = �(x 1; : : : ; xn ) � 0, which
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Figure 10: Distribution Shift in LLMs can arise when a prompt is out-of-distribution (OOD)
relative to the model's training corpus. The model may lack reliable knowledge relevant to the
query, yet still produce a �uent answer by extrapolating from weakly related patterns. This can
lead to hallucination: the model generates content that is linguistically plausible but not grounded
in true supporting information learned from pre-training. Here, a monolingual LLM fails to
answer a multilingual question which is OOD, but the multilingual LLM does not. The green
check mark indicates the correct answer, and the red cross indicates the incorrect hallucination.

depends only on the calibration data. Given the calibration scores s i = s(x i ; yi ) for i = 1; :::; n and
the estimated calibration weights bw i = br e(h(x i )), the resulting empirical distribution of scores is

�̂ n =
nX

i=1

bwiP
j bwj + �

� si +
�P

j bwj + �
� 1 ; (7.2)

where � s denotes the Dirac measure at s 2 R. The �nal prediction set for a test point x is C(x) =
fy : s(x; y) � Quantile(�̂ n ; 1 � �)g. To estimate the density ratio r e, a domain classi�er is trained
in the embedding space; XGBoost [214] is used in this case. For the nonconformity score, the
LAC [29] score is used, with ablations testing the APS [30] score as well. The main theory gives
lower and upper coverage bounds involving the weights and total variation distances between
calibration and test score distributions, which is more relaxed compared to the exact �nite-sample,
distribution-free guarantee of the split-conformal framework under exchangeability, but this is
entirely reasonable under domain shift. When there is no shift and bw i = � = 1, DS-CP reduces to
standard split-conformal calibration. In the experiments outlined in Section 5, DS-CP is evaluated
in Figure 6a. On MMLU at a target coverage of 90%, DS-CP achieves the joint 4th lowest APSS out
of the eight other methods, and had a slight overcoverage of � 2%. DS-CP has a few limitations; it
depends on the quality of the embedding model and the density-ratio estimator. If the embedding
fails to represent semantic domain similarity well, or if the domain classi�er estimates poor ratios,
the weights may be uninformative or unstable.
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Whilst DS-CP is shown to be effective for close-ended MCQA, it is not designed for open-
ended generation. Selective conformal uncertainty (SConU) [108], an extension of ConU [75] (see
Section 7(b) for more details) is designed to address violations of exchangeability and uncertainty
distribution shift between calibration and test data in for both close-ended and open-ended
QA tasks. SConU augments conformal uncertainty with signi�cance testing to detect and �lter
uncertainty outliers before applying the underlying conformal procedure. The key innovation
is the construction of two conformal p-values over uncertainty statistics; the �rst compares a
test sample's uncertainty to the calibration distribution, while the second, SConU-Pro, further
discounts calibration examples that themselves fail prediction at the target risk level. In the
experiments outlined in Section 5, SConU is evaluated in Figure 6a. On MMLU at a target
coverage of 90%, SConU achieves the 2nd lowest APSS out of the eight other methods, though it
had a signi�cant overcoverage of � 9.5%. A key limitation is that it only approximates conditional
coverage, and performance depends on the chosen uncertainty measure and sampling budget.

(b) Logit-free Methods

This section is organised as follows. Section (i) surveys logit-free methods applied to open-ended
tasks and Section (ii) presents a comparison between logit-free and logit-based methods.

(i) Open-ended Logit-free Split-conformal Calibration

All split-conformal-based methods outlined in Section 7 require access to LLM token-level logits,
logprobs, or model embeddings (see Section 3). This means that black-box models and those
with API-only access cannot be conformalised by such methods; many proprietary and frontier
LLMs such as Claude Opus, Gemini, and ChatGPT are therefore unable to be conformalised
due to their black-box, API-only con�guration. Motivated by this limitation, logit-free conformal
prediction (LofreeCP) is proposed to apply the split-conformal framework to open-ended QA
and close-ended MCQA tasks where the LLM is truly black-box and there is no access to internal
probabilities [73]. Such a method should, as with logit-based methods, preserve the coverage
guarantee while remaining ef�cient in terms of prediction set size.

The key idea behind LofreeCP is to derive nonconformity scores from repeated sampled
outputs rather than from model logits/logprobs by combining one coarse-grain and two �ne-
grained uncertainty notions; the �rst is frequency. For a given prompt x i if ŷ a

i is the a-th unique

response among m samples, its empirical frequency score is ~F (ŷ a
i ; m) = ~p(ŷ a

i )
m , where ~p(ŷa

i ) is
the absolute count of that response in the sample pool. Frequency is motivated as a proxy for
uncertainty ranking rather than a literal probability estimate, with empirical analysis showing
a positive correlation between response frequency and average true model probability, which
suggests that more frequently repeated answers are typically higher-con�dence outputs. The
authors prove that estimating actual probabilities to high precision by sampling alone is too
expensive, �nding that achieving 95% con�dence with a 1% margin of error would require at
least 9,604 samples. As such, LofreeCP provides a ranking signal from a moderate number of
samples, rather than attempting accurate probability estimation from the API.

Frequency alone creates a concentration problem; many responses receive the same score
because they occur with the same count. To mitigate this, two �ne-grained uncertainty measures
are added. The prompt-wise �ne-grained term is normalised entropy (NE), de�ned as

H
�

x i

�
�
�
�

n
ŷ j

i

o m

j=1

�
=

P k
a=1 ~p(ŷa

i ) log ~p(ŷa
i )

log m
; (7.3)

where k is the number of distinct sampled responses among m responses. Intuitively, this
measures how dispersed the sampled answers are for a prompt; higher entropy is interpreted as
higher uncertainty. This is supported empirically on TriviaQA, which shows that prompts with
larger NE are more likely to be questions for which the model fails to sample the correct label.
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The response-wise �ne-grained term is semantic similarity, de�ned between a candidate
response ŷa

i and the most frequent response for the same prompt,

SS
�

ŷa
i ; P highest

i

�
=

v(ŷ a
i ) � v

�
phighest

i

�




 v

�
ŷa

i

� 









 v

�
phighest

i

� 






; (7.4)

where v(x) is the vector representation of x, and p highest
i is the response having the highest

frequency for the prompt x i . The intuition is that among two responses with equal frequency,
the one semantically closer to the dominant sampled response is likely to be less uncertain. The
three uncertainty notions are combined into the nonconformity score s(x i ; ŷ

a
i ) = � ~F(ŷ a

i ; m) +
� 1H(�) � � 2SS(�) where � = (� 1; � 2) controls the trade-off between coarse-grained and �ne-
grained uncertainty. Calibration follows standard split-conformal; the method samples m
responses per prompt and computes the true-label nonconformity scores, these calibration scores
then compute the empirical quantile q̂ corresponding to the desired error level �, and then test-
time sampled responses with scores below that threshold are retained. The marginal coverage
provided is Pfy test 2 C(x test)g � 1 � �. In the experiments outlined in Section 5, LofreeCP is
evaluated in Figure 6b. On TriviaQA at a target coverage of 70%, LofreeCP maintains tight
coverage and is ranked 3rd in terms of the lowest APSS out of the nine other methods evaluated,
eight of which are logit-based, which supports the strength of logit-free sampling.

An alternative to LofreeCP is conformal uncertainty or ConU, a logit-free LLM uncertainty
method for open-ended text generation tasks [75]. The authors of ConU argue that LofreeCP does
not explicitly tie the nonconformity score to the uncertainty condition of correct answers strongly
enough. Their central claim is that a more robust conformal criterion can be obtained by de�ning
the calibration nonconformity score directly from the uncertainty of the candidate generation that
is both correct and most semantically aligned with the reference answer.

For each prompt x i , the method samples M candidate generations fŷ m
i gM

m=1 , then clusters

them into K distinct semantics, and de�nes semantic frequency, F
�

ŷk
i

�
= Vk

M , where Vk is the

number of generations in the k-th cluster. This directly re�ects the self-consistency intuition,
which is similar to LofreeCP; semantics that recur more often across repeated samples are treated
as more reliable. Using these semantic clusters, the uncertainty score of each sampled generation

ŷm
i is de�ned as U(ŷ m

i ) = 1 � �F (ŷ m
i ) � (1 � �) 1

K
P K

k=1 SS
�

ŷm
i ; ŷk

i

�
F

�
ŷk

i

�
, where SS is a

semantic similarity score computed with a DistillRoBERTa-based cross-encoder model, � 2 [0; 1]
balances direct self-consistency against similarity-weighted agreement with the semantic clusters.
The �rst term penalises low-frequency semantics; the second term rewards a generation for
being semantically close to other clusters that themselves have high frequency. This is the main
uncertainty measure for individual candidate generations.

A second uncertainty quantity is then de�ned for the overall query-response process. Let ŷ mst
i

denote any generation in the largest semantic cluster, i.e. the model's most self-consistent answer.
The uncertainty of the full process is

U
�

fŷ m
i gM

m=1 j x i

�
= 1 � � � F

�
ŷmst

i

�
� (1 � �)

1
K

KX

k=1

SS
�

ŷmst
i ; ŷk

i

�
F

�
ŷk

i

�
: (7.5)

This quantity is known as ConU. Intuitively, it measures how strongly the dominant semantic
is supported by the rest of the sampled semantic landscape. If the most frequent answer is both
common and semantically close to other clusters, uncertainty is low; if the sampled semantics
are fragmented or contradictory, uncertainty rises. The conformal stage of the method uses
the per-generation uncertainty score U(ŷ m

i ), not the process-level ConU score, to de�ne the
calibration nonconformity score. For each calibration example (x i ; yi ), the sampled generation
that is semantically equivalent to the reference answer and has the highest similarity to it

is identi�ed. The nonconformity score is then s(x i ; yi ) = U
�

arg maxŷ j
i

SS
�

ŷ j
i ; yi

�
E

�
ŷ j

i ; yi

��
,

where E(�; �) is an indicator of semantic equivalence. Thus, the nonconformity score is not just
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the uncertainty of some sampled answer, but speci�cally the uncertainty condition of the sample
answer judged correct with respect to the reference. Given the sorted calibration scores fs i g

n
i=1 ,

the split-conformal threshold q̂ is chosen as the appropriate empirical quantile corresponding to
the target miscoverage level �. At test time, generations with uncertainty below this threshold are

included in the prediction set C(x test) =
n

ŷ j
test : s

�
x test; ŷ

j
test

�
� q̂

o
.

In the experiments outlined in Section 5, ConU is evaluated in Figures 6a, 6b, and 6c. On
MMLU at a target coverage of 90%, ConU is ranked 1st in terms of the lowest APSS out of the
eight other methods, where one was logit-free and the rest logit-based. On TriviaQA at a target
coverage of 90%, ConU is ranked 2nd in terms of the lowest APSS out of the six other methods,
outranking the other three logit-free methods. On MedMCQA at a target coverage of 90%, ConU
is ranked joint 1 st in terms of the lowest APSS out of the four other methods and their variants,
outranking the other two logit-free methods. For all three datasets, ConU met the coverage target
with a slight overcoverage of � 1-2%.

So far, these methods have operated in the unbounded space of open-ended generation, where
the main dif�culty is in constructing useful prediction sets when the correct answer may lie in
the unobserved part of the output space. With current sampling-based conformal methods, if
the correct answer has not appeared among a �nite number of queried generations, then at high
target coverage levels the predictor may be forced into essentially vacuous prediction sets. This
becomes acute when the user requests coverage substantially above the few-shot accuracy of the
underlying LLM. Therefore, conformal prediction with query oracle (CPQ), a framework that
explicitly manages the trade-off between coverage, test-time query budget, and informativeness,
is proposed [106]. CPQ interprets this trade-off through the classical missing mass problem in
statistics; after sampling a �nite number of outputs, how much probability remains on labels that
have not yet been seen? This missing mass determines both whether one should keep querying
and how much uncertainty should remain in the �nal prediction set.

A practical detail to note is clustering. Since LLM outputs may differ lexically while conveying
the same meaning, CPQ groups sampled generations into semantic equivalence classes, each
treated as a single label y 2 Y. The frequencies of these clusters are then used for the Good-Turing
missing mass estimates. In the experiments outlined in Section 5, the full CPQ variant (P1+P2) is
evaluated in Figure 6c. On GSM8K at a target coverage of 70%, CPQ is ranked 2nd in terms of the
lowest APSS out of the seven other methods evaluated, where two were logit-free and the rest
logit-based. CPQ is also ranked 1st in terms of the tightest coverage out of the �ve other methods.

So far, logit-free conformal methods have been designed for LLMs and the text modality.
TRON, a two-step sampling-based conformal framework [69], is proposed to adapt open-
ended logit-free conformal calibration to multimodal tasks, incorporating the visual and audio
modalities. It can handle tasks such as visual QA, open-ended video QA (OpenVideoQA),
and close-ended multiple-choice video QA (MCVideoQA), but is also versatile and capable of
handling text-based tasks such as OpenQA and MCQA with standard unimodal LLMs.

Given a calibration dataset f(x i ; yi )g
N
i=1 , for each calibration query x i , the model can generate

M i sampled responses fŷm
i gM i

m=1 , and for the test query, the model generates M test responses
fŷ m

testg
M test
m=1 . The overall goal is to construct a prediction set C(x test) such that the correctness

miscoverage P(ytest =2 C(x test)) is controlled by a user-speci�ed risk level.
TRON introduces two user-chosen risk levels:

• �, the risk that the sampled candidate set fails to contain any acceptable answer, and
• �, the risk that the �nal �ltered prediction set fails to contain an acceptable answer given

that one was sampled.
The composite risk bound is " = � + � � ��, and TRON guarantees P(y test =2 C(x test)) � ".

In the experiments outlined in Section 5, we do not perform any evaluation of TRON on video
datasets, as this was the only method designed for video QA. However, TRON was shown to
generalise to OpenQA tasks with LLMs, and so TRON is evaluated in Figure 6b. On TriviaQA
at a target coverage of 90%, TRON achieves the 3rd lowest APSS out of the six other methods
and their variants, though it had a slight undercoverage of � 1.5%. In terms of limitations, TRON
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depends on sampling ef�ciency; the �rst stage on works well if acceptable responses are likely to
appear a reasonable �nite number of samples. If the model rarely generates correct responses, the
required r̂ could become large, increasing cost and latency. Lastly, TRON depends on semantic
equivalence judgements for clustering and reference matching, using NLI-based bidirectional
entailment, thereby only as reliable as this evaluator; errors in semantic clustering can negatively
affect both the frequency scores and the deduplication-based APSS.

(ii) Performance Comparison of Logit-free and Logit-based Methods

In the review objectives outlined in Section 1(a), we proposed Hypothesis A. To recap, we
hypothesised that the uncertainty signals taken from conformal methods based on logit-free
techniques would be noisier than those taken from logit-based methods. We posit that we would
see a higher coverage error and larger and less informative prediction sets when using logit-
free methods, and that the opposite would be true for logit-based methods, whose uncertainty
signal is expected to be a richer and more direct view of a model's con�dence.

Figure 11: We �nd that logit-free methods tend to outperform logit-based methods, with lower
mean absolute coverage error and prediction set size, but a slightly higher overcoverage error.
LVLM methods, compared to LLM methods, also have a lower mean absolute coverage error and
very low undercoverage error, but have a higher overcoverage error and prediction set size.

In Section 5, we outlined a controlled performance analysis, from which we conducted
additional subgroup studies using a diverse subset of those methods. One such subset
was divided based on whether a conformal method used white-box logits, log-probabilities
(logprobs), or model embeddings, or whether it used black-box techniques such as reprompting,
self-consistency sampling, or entailment scores. We then computed four variants of mean absolute
coverage error (MACE) and mean average prediction set size (APSS) as de�ned in Section 5, and
report our results in Figure 11, under `Logit-based vs Logit-free' and the bars with orange hue.

We �nd that overall, logit-free conformal methods exhibited a moderately lower symmetric
MACE (sMACE), and signi�cantly lower asymmetric MACE (aMACE) and undercoverage error.
aMACE penalises failure to meet the nominal coverage more heavily, so this is reasonable. We also
observe a non-trivial reduction in APSS for logit-free methods, and �nd that they tend to be a little
more conservative on average, exhibiting a slightly higher overcoverage error than logit-based.

The observations we made did not support our initial hypothesis, and we propose two
primary conditions for why this might be the case. There is strong evidence in the literature
that logits and their derivatives such as logprobs are miscalibrated. Under in-context learning
and particularly in low-shot settings, LLMs have been found to be miscalibrated, with �ne-
tuning and chain-of-thought (CoT) prompting empirically shown to worsen calibration [215].
Other studies have shown that, in reinforcement learning with human feedback (RLHF)-aligned
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LLMs, overcon�dence is prevalent, meaning that an LLM's expressed con�dence does not match
its actual correctness rate [216]. Another study performed an extensive calibration benchmark
with 15 chat-tuned LLMs across �ve benchmark datasets, and found systematic overcon�dence;
very high maximum softmax probabilities were correct far less often than their probabilities
implied [217]. The mismatch was further quanti�ed with ECE, �nding substantial calibration
error across models. Cross-model analysis found no statistically signi�cant relationship between
model accuracy and calibration error for chat LLMs, indicating that stronger chat �ne-tuned LLMs
were not becoming better calibrated [217].

Overall, the majority of studies show that logits/logprobs are miscalibrated, but �ndings are
limited to close-ended, discrete tasks such as text classi�cation and MCQA, due to calibration
being harder to de�ne in open-ended generation settings. Despite this, there have been studies
that show empirically that LLMs are also miscalibrated on open-ended tasks. One such
study evaluates nine LLMs on open-domain factual QA and �nds similar overcon�dence and
calibration error as previous studies [217], demonstrating that it persists across model families,
parameter sizes, and query types [4]. The distribution of tasks in our assessment pool of conformal
studies was approximately 60% close-ended tasks such as MCQA and MCVQA, and 40%
open-ended tasks such as open-domain QA and mathematical reasoning.

Following the evidence, one would expect the logits used by logit-based conformal methods
to also be miscalibrated. Thus, condition one is that miscalibration may contribute to degrading
conformal ef�ciency with larger prediction sets due to noisy or unevenly scaled logits, and that
higher undercoverage error could be a symptom of degraded conformal validity, with overly
optimistic or poorly ordered logits enabling conformal thresholds to admit incorrect outputs.

Condition two is that black-box uncertainty measures, such as sampling consistency, semantic
diversity, and entailment-based scores may provide better-aligned conformity signals than token-
level logits. These signals may more directly capture semantic correctness or answer stability,
whereas logits and their derivations like log-probabilities re�ect local decoding con�dence and
can be distorted by calibration error and tokenisation effects. As a result of a better aligned
conformity signal, logit-free methods, despite being slightly more conservative (as indicated
by higher overcoverage error), may rank candidates more meaningfully, translating to better
conformal ef�ciency. Their behaviour can be considered more stable, with lower undercoverage
indicating that incorrect outputs are identi�ed more consistently than logit-based methods.

(c) Token-level Uncertainty

A central approach to token-level uncertainty in large language models is to interpret the model's
next-token distribution as a measure of predictive con�dence. Under nucleus (top-p) sampling,
this uncertainty is summarised by a prediction set consisting of the smallest collection of tokens
whose cumulative probability exceeds p. This induces an appealing probabilistic interpretation;
namely, that the set should contain the true next token with probability p, but that interpretation
is not guaranteed to hold in practice. This motivates the use of conformal prediction to assess
whether token-level prediction sets are calibrated and, when necessary, to recalibrate them.

Conformal nucleus sampling (CNS) is a method proposed to adapt the split-conformal
framework to next-token prediction using the APS nonconformity score function (see
Section 4) [51]. For each validation example, the conformal score is the minimum cumulative
probability mass needed for the LLM's predicted set to include the true next token. The calibrated
threshold q̂ is then chosen as the relevant quantile of these scores, yielding a conformal top-p
decoding rule. This threshold is then calibrated as a function of the entropy of the next-word
distribution, as the degree of overcon�dence varies strongly across entropy regimes. Experiments
across several LLMs show systematic overcon�dence, especially at low entropy, and reveal a
moderate inverse scaling trend whereby calibration worsens with LLM parameter size. The
primary limitation of CNS is that autoregressive language generation violates the exchangeability
assumption, and as such, the conformal guarantees are only approximate.
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To address this limitation of CNS, non-exchangeable conformal nucleus sampling (NE-CNS)
is proposed, which uni�es non-exchangeable conformal prediction [43] with nearest-neighbour
retrieval in latent decoder space [56]. At each decoding step, the LLM uses the current decoder
hidden state to retrieve similar representations from a datastore built from calibration examples,
together with their nonconformity scores. Distances to these neighbours are converted into
weights, and a weighted conformal quantile is computed to construct a prediction set for the
next token. The APS nonconformity score function is utilised (see Section 4). This procedure
yields token-level conformal sets that are dynamically calibrated to the local neighbourhood
rather than to a global exchangeable calibration pool. NE-CNS has some limitations; �rst, the
theoretical guarantee is weaker than in the standard split-conformal framework because the non-
exchangeability penalty depends on a total variation term that is dif�cult to estimate in practice,
and second, nearest-neighbour retrieval introduces extra computational cost at inference time.

Table 3: Performance of split conformal prediction methods and some conformal risk control
methods. ECR and SSC are reported as percentages where closer to the target coverage is better,
APSS and NSR are reported as rates where lower values are better; for de�nitions see Section 5,
Table 2. Where possible the error rate used is � = 0:10 (nominal coverage 1 � � = 0:90) but this
may not be true for all cases, please refer to the performance notes.

Ref Conformal
Method

ECR APSS# SCC NSR# Performance Notes

[50] LAC 92.3 3.28 60.0 Mean across 16 subjects in MMLU. SSC: min over prediction set
size bins of strati�ed ECR.

[53] CLM 70.1 1.12 68.3 Using max scoring on TriviaQA. ECR/SSC: �xed � = 0:30
(nominal 1 � � = 0:70) from [73]. APSS: normalised set size at
� = 0:30 (nominal 1 � � = 0:70) � k max; k max = 20.

[80] LAC+APS 91.4 2.86 Mean of per-LLM means (5 tasks) across 11 LLMs. All per-LLM
means are average of LAC and APS values.

[94] LAC 88.0 3.01 Mean across 8 LVLMs � 2 datasets.
[145] COPU 90.4 1.80 Mean across 6 LLMs � 4 datasets.
[100] CROQ 95.2 1.94 Mean across 3 LLMs � 3 datasets at �xed � = 0:30 (nominal

1 � � = 0:70), option count = 4 (standard MCQA).
[82] CPL 91.2 2.58 0.644 Mean across 5 datasets. NSR: MMLU at �xed � = 0:05 (nominal

1 � � = 0:95) from [146].
[60] TRAQ 95.6 29.25 ECR: mean of per-LLM means (3 datasets), APSS: semantic

counts; mean of per-LLM means (GPT-3.5 over 4 datasets;
LLaMA-2 over 3).

[60] TRAQ-P 98.1 39.12 Same as above.
[52] KnowNo 92.0 2.59 0.880 From [83].
[101] GPS 96.6 23.98 Using GPS HS. ECR: mean across 13 model-dataset pairs (5

datasets, 5 LLMs); APSS: mean over �nite entries only (n = 10; 3
entries report set size as `-').

[106] CPQ 89.0 1.13 Using full CPQ (P1+P2). Mean across 3 datasets.
[73] LofreeCP 70.3 1.11 76.6 Mean across 2 datasets at � = 0:30 (nominal 1 � � = 0:70).
[85] S-

ATLAS
94.6 0.044

[88] CAP 92.9 2.12 Mean of per-LLM precomputed means (5 datasets) across 3
LLMs.

[88] CAP 92.9 2.14 Mean of per-LVLM precomputed means (5 datasets) across 3
LVLMs.

[86] TECP 97.3 8.99 Mean across 6 LLMs � 2 datasets.
[107] C-IP 89.0 Mean across 3 specialities in MediQ. ECR: �nal iteration k = 8.
[83] I-CP 98.5 2.27 0.750
[75] ConU 92.0 2.53 Mean across 7 LLMs � 4 datasets.
[51] CNS 99.4 0.93 64.1 Task-balanced mean across 2 tasks; mean machine translation (2

directions � 2 models) and LM (2 models).
[56] NE-CNS 90.6 0.21 74.4 Same as above.
[108] SConU 90.5 Mean across 2 LLMs � 2 subjects in MMLU-Pro.
[108] SConU-

Pro
91 1.97 68.9 ECR/APSS: mean over off-diagonal entries of subject-transfer

matrix at � = � ` = 0:2723 (nominal 1 � � � 0:73), where � ` is
minimum feasible risk level on MMLU-Pro. SSC: mean SConU at
split_ratio= 0:5, � = � ` = 0:3342 (nominal 1 � � � 0:66)
on MedMCQA.

[90] ConfTS-
APS

90.0 2.05 Mean across 2 datasets. ECR not tabulated but maintains desired
marginal coverage.

[90] ConfTS-
RAPS

90.0 2.03 Same as above.

Continued on next page
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Table 3 continued from previous page
Ref Conformal

Method
ECR APSS# SCC NSR# Performance Notes

[95] SafePath 87.0 1.00 ECR = 1 � (�) + DTC.
[120] HERACLES 92.4 0.125 Mean across 3 LLMs. Note that in the general (non-experimental)

setting, help rate can include physical infeasibility.
[96] Conformal

NL2LTL
95.3 3.410 Fixed � = 0:05 (nominal 1 � � = 0:95).

[66] SCP-SE 76.0 5.00 Fixed � = 0:30 (nominal 1 � � = 0:70).
[146] SOCOP 95.0 2.48 0.587 Fixed � = 0:05 (nominal 1 � � = 0:95).
[68] Conformal

Reasoning
89.2 2.88 0.656 NSR = 100 � %answered. APSS = (1 � speci�city) � jY j,

where jY j = 4 for MediQ/EQA, jY j = 1854 for 20Q.
[114] SCP-ST 90.7 4.60 Mean across 7 LLMs � 2 datasets.
[77] SCP-SR 85.5 35.40 Mean across 2 datasets.
[97] SCP-SC

logit
89.8 3.60 Mean across 4 LLMs on MedMCQA.

[97] SCP-SC
logit-free

95.5 3.82 ECR: mean across 4 LLMs � 2 datasets + 4 subjects in MMLU.
APSS: mean across 4 LLMs � 3 datasets.

[98] SCOPE-
Gen
logit

78.0 1.20 ECR: on BBH Date Understanding from [106]. APSS: using sum
scoring with quality score. Fixed � = 0:30 (nominal 1 � � =
0:70).

[98] SCOPE-
Gen
logit-free

78.0 1.26 Same as above, but APSS: using count scoring without quality
score.

[149] CQR 95.4 2.64 Mean across 3 LLMs � 5 datasets (where SummEval is mean
of 4 dimensions) after boundary adjustment. Note: whilst APSS
and AIW are conceptually analogous, APSS is discrete whereas
AIW is continuous; we consider AIW equivalent to APSS as an
ef�ciency metric in this case.

[149] Asym
CQR

96.8 2.78 Same as above.

[149] CHR 87.1 1.68 Same as above.
[149] LVD 93.9 2.19 Same as above.
[149] Boosted

CQR
92.9 2.14 Same as above.

[149] Boosted
LCP

92.6 2.19 Same as above.

[149] R2CCP 91.0 1.86 Same as above.
[149] OrdinalAPS 71.6 1.72 Same as above.
[149] OrdinalRC 72.8 1.79 Same as above.
[69] TRON 86.8 1.80 84.0 ECR: mean across 2 LLMs � 4 datasets. APSS: mean across

8 LLMs � 4 datasets. SSC: mean across 3 set sizes � 4
datasets. Fixed user-speci�ed risk levels � (sampling) and
� (identi�cation), where " = � + � � ��; � = � = 0:1; " =
0:19 (nominal 1 � " = 0:81), or (1 � �)(1 � �) = 0:81.

[69] TRON
LLM

86.8 2.63 ECR: mean across 6 LLMs � 3 datasets. APSS: mean across
2 LLMs on MMLU with M = 20. Error level de�ned same as
above.

[132] DS-CP 92.0 2.30 Mean across 16 LLMs.
[74] SAPS 70.0 1.55 49.4 On TriviaQA at �xed � = 0:30 (nominal 1 � � = 0:70).
[57] DCBS 82.3 1.76 On Integer Addition at �xed � = 0:05 (nominal 1 � � = 0:95).
[104] PC-SGG 78.5 413.36 For triplet prediction sets with LVLM plausibility at " = � o +

� r � � o � r ; � o = 0:05 (object), � r = 0:1 (predicate); " =
0:145 (nominal 1 � " = 0:855 � 0:86), or (1 � � o )(1 � � r ) =
0:855 � 0:86.

[135] AR-
NECP

90.3 3.73 Mean across 3 LLMs on TriviaQA with WHOLE shift using
reweight balancing.

[124] LAC+APS 93.3 2.65 Mean of per-LVLM precomputed means (5 datasets) across 10
LVLMs. All precomputed means include average of LAC and
APS values.

[158] ICAD 96.2 Mean of per-LLM means (2 datasets) across 2 LLMs for K = 3
layers 2 f7; 15; 22g.

[159] CoFineLLM 99.0 1.15 0.133 For in-distribution scenarios with � = 0:1.
[133] SAFER 91.7 7.20 Mean across 5 LLMs on TriviaQA at �xed " = � + � � ��; � =

� = 0:05; " = 0:0975 (nominal 1 � " = 0:9025 � 0:90), or
(1 � �)(1 � �) = 0:9025 � 0:90. In " = � + � � ��, � is
sampling risk level, � is �ltering risk level, and " is overall error
level.

[133] SAFER 91.7 7.20 Mean across 5 LLMs on CoQA at " = � + � � ��; � =
0:25; � = 0:05; " = 0:2875 (nominal 1 � " = 0:7125 � 0:70),
or (1 � �)(1 � �) = 0:7125 � 0:70. Error level de�ned same as
above.

[71] UAQ 73.0 3.00 On WebQuestionsSP at �xed � = 0:30 (nominal 1 � � = 0:70).
[160] SarRec 7.33 Mean across 3 datasets.
[113] CoAlign 92.0 Whilst PSR is reported, we cannot directly recover APSS as

average total candidates is omitted for commercial privacy.

Continued on next page
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Table 3 continued from previous page
Ref Conformal

Method
ECR APSS# SCC NSR# Performance Notes

[162] ConMIL 95.1 2.21 0.734 Mean across 2 datasets, NSR mean across 2 LLMs � 2 datasets, at
�xed � = 0:05 (nominal 1 � � = 0:95). NSR = uncertain samples

N .
ECR/APSS found in supplementary materials.

[93] Conformal
Tree

89.0 2.96 Mean across 6 classes on UCI Erythemato-Squamous Disease.

[118] SCP-PE 98.3 4.38 Mean across 6 LLMs � 2 datasets.
[126] LAC 90.4 4.42 Mean across 16 LVLMs � 6 datasets.
[126] MS 93.6 4.58 Same as above.
[126] APS 90.8 3.96 Same as above.
[127] BB-UCP 88.0 Mean across 6 datasets for cross-query task.
[141] PA-SCP 90.4 1.92 Mean across 5 tasks for fully-reworded.
[141] PA-

QCCP
90.5 1.92 Same as above.

[142] CR2 1.28 Fixed tolerance � = 0:10.
[164] CFC 69.6 1.12 Mean across 2 datasets using the FULL variants at �xed � = 0:30

(nominal 1 � � = 0:70).
[164] CFC-

PAC
70.5 1.24 Same as above.

8. Conformal Selective Prediction
This section covers conformal selective prediction methods illustrated in Figure 2, particularly
those based on the conformal selection framework [34,35]. The overall section is outlined as
follows. First we survey conformal selection methods for LLMs, then the performance of all
FDR-controlling methods is reported in Table 4, and lastly Figure 12 demonstrates the conformal
selective procedure with an example that showcases selection, deferral, and abstention.

Figure 12: Conformal Selective Prediction enables the automatic, rule-based selection of
trustworthy generated outputs. Less certain outputs can be deferred (for example, to a human
for review), while untrustworthy outputs are rejected through abstention. In this example,
trustworthy outputs are highlighted green, uncertain outputs which are deferred are highlighted
yellow, and untrustworthy outputs which are rejected are highlighted red. The green check mark
indicates that the answer is correct and that the deferred outputs were validated as trustworthy.

In high-stakes settings, such as open question-answering (OpenQA) and radiology report
generation (RRG), knowing an LLM is "good on average" is not enough, and one needs a
principled way to determine which speci�c outputs can be trusted. Existing conformal methods
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Figure 13: Scatterplots for conformalised selection-based methods on MIMIC-CXR, TriviaQA, and
CoQA. Metrics are de�ned in Section 5. The x-axis is the empirical FDR, and the red line indicates
the nominal FDR level which all methods must remain below to be valid. The y-axis is the power;
higher values are better, and the blue line indicates maximum power for a perfect method.

such as those based on the split-conformal framework yield prediction sets, but coverage of
prediction sets does not directly guarantee that the selected units are reliable for deployment.
Other conformal methods either guarantee that at least one output in a set is aligned, which
leaves manual disambiguation to the end user, or modify the generated output to make it safer,
which may reduce informativeness.

Conformal alignment therefore proposes a different target; rather than altering the generated
output conservatively or returning multiple candidates, it seeks to certify which already-
generated outputs are trustworthy and abstain from the rest [81]. This translates to a safer LLM
deployment pipeline as selected units can be used automatically, while non-selected units can be
deferred to humans. Let f : X ! Y be a �xed pre-trained LLM that maps an input x to an output
f (x). Access to a holdout dataset D = (x i ; ei )

n
i=1 is assumed, where xi 2 X is the input and e i 2 E

is reference information that can be used to assess whether the output is aligned. An alignment
function A : Y � E ! R assigns a true alignment score to the generated output f (x) relative to
the reference E. For example, in the radiology setting, this score measures similarity between
a generated report and a human expert report. Given a test set D test = fx n+j gm

j=1 , the goal is
to select a subset S � f1; :::; mg of units such that most selected outputs exceed a user-speci�ed
alignment threshold c. The error metric is the false discovery rate (FDR)

FDR = E

" P m
j=1 1(A n+j � c; j 2 S)

max(jSj; 1)

#

� �; (8.1)

for a prescribed level � 2 (0; 1). Thus, the guarantee is that only a �-fraction of selected outputs S
are misaligned on average. The corresponding notion of utility (Power) is

Power = E

2

4
P m

j=1 1(A n+j > c; j 2 S)

max
� P m

j=1 1(A n+j > c); 1
�

3

5 : (8.2)

Therefore, the objective is not merely to control FDR, but to do so while selecting as many truly
aligned units as possible. A conformal p-value for the test unit x n+j is de�ned as

pj =
1 +

P
i2D cal

1(Â i � c; Â i � Ân+j )

jD cal j + 1
; Â i = g(x i ): (8.3)

Intuitively, p j is small when the test unit's predicted score Ân+j is larger than most calibration
units that are actually misaligned. Thus, a small p-value provides evidence that a unit's output is
trustworthy. Once p-values are computed, the Benjamini-Hochberg (BH) procedure is applied.
Then, the selected set is S = fj = 1; :::; m : p j � �k � =mg. Under exchangeability and with a
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no-ties condition on predicted alignment scores, FDR � � is guaranteed. This is �nite-sample
and distribution-free, and is not on per-unit correctness, but on the average proportion of
false discoveries among selected units. Conformal alignment is itself agnostic to the alignment
criterion; it only needs a reference-based scoring rule and a predictor for alignment likelihood.
In addition, an asymptotic characterisation of power is provided, and used to argue that power
depends on two factors: the intrinsic quality of the LLM and the informativeness of the predictor
g in distinguishing aligned from non-aligned units. For the OpenQA task, the alignment score
is binary A i 2 f0; 1g and de�ned by ROUGE-L similarity, and for the RRG task, de�ned using
CheXbert clinical-observation vectors. Several feature families are used to train g, including
Self_Eval based on the LLM's own stated con�dence, Lexical_Sim, Num_Sets, and SE,
which summarise uncertainty across 20 sampled generations, and EigV, Deg, and Ecc, which
are features derived from graph-based similarity structures over sampled outputs. Graph-based
features are often more informative for alignment prediction than self-evaluated con�dence.

In the experiments outlined in Section 5, conformal alignment (denoted CA) is evaluated in
Figure 13. On TriviaQA with a nominal FDR of 0.25, CA achieved the 3 rd highest power out of
the other three methods and their variants whilst satisfying the FDR constraint. On MIMIC-CXR
with a nominal FDR of 0.25, CA achieved the 2 nd highest power out of the other two methods
and their variants whilst satisfying the FDR constraint. On CoQA with a nominal FDR of 0.25,
CA achieved a high power whilst satisfying the FDR constraint.

Potentially the biggest limitation of conformal alignment (and the conformalised selection
framework in general) is the rigidity of the framework; the full analysis plan, including the
train/calibration split, alignment predictor, conformity score, and ranking of candidates is
�xed and must be chosen before inspecting the calibration and test data. This is unrealistic in
deployment settings, where practitioners may want to adjust these parameters after seeing partial
information. For example, they may want to reallocate labelled data to improve model �tting,
change an under�t alignment predictor, prioritise diversity after observing the current selected
pool, or incorporate newly revealed labels.

Conformal selection methods cannot do this without risking invalidation of error guarantees;
thus, adaptive conformal selection (ACS), an interactive extension of conformal selection that
preserves �nite-sample FDR control under adaptive data analysis, is proposed [109]. Their
approach is based on a testing perspective: it sequentially screens the samples from the least
interesting to the most interesting until a stopping criterion is met, and then declares the
unscreened test samples as interesting. The setup involves n labelled data fzi = (x i ; yi )g

n
i=1 , m

unlabelled test data fx n+j gm
j=1 , and null hypotheses H 0;j : yn+j is uninteresting.

Initially, ACS trains a classi�er ^f (x) on the training set and ranks the calibration and test
samples in ascending order of f̂ (x i ), from least to most promising. Let k represent the size of the
training set (the size of the calibration set is n � k) and � be a permutation of fk + 1; :::; n + mg
such that f̂ (x �(k+1) ) � ::: � f̂ (x �(n+m) ). ACS screens samples sequentially in the order de�ned
by �; at step l > k, the next sample �(l + 1) may be chosen adaptively, but only using information
measurable with respect to the �ltration

Fl = �
�

Ol ; jN �
l j; jP l j; f( ~Z i ; A i )gi2O l [N +

k
; fx i gi2U l

�
; (8.4)

where jSj represents the cardinality of a set S, O l contains already screened samples, N+
l and

N �
l are the sets of non-null and null unscreened labelled samples, respectively, Pl is the set of

unscreened test samples, Ai is the membership indicator whether z i is a labelled sample and Ul

is the set of all the unscreened samples. Note that ~Z i = z i if A i = 0 and ~Z i = x i otherwise.
The procedure stops when the false discovery proportion (FDP) estimate at step l � k

[FDP(l) =
m

n � k + 1
�

1 + jN �
l j

max(jP l j; 1)
; (8.5)

falls below the target level �, and then selects all remaining unscreened test samples P l .
Otherwise, it screens another sample according to the current adaptive ordering rule. The
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�nal selection set is S ACS = P T , where T = inffl � k : dFDP(l) � �g. Under exchangeability, ACS
controls the FDP at level �. The proof relies on a supermartingale argument. Speci�cally, M l =
jP l \H 0 j
1+jN �

l j
is shown to be a supermartingale with respect to a �ltration slightly richer than fF l gl�k

where H 0 denotes the set of true null hypotheses, i.e. “uninteresting” samples. Since T is a
stopping time, the optional stopping theorem yields the FDR guarantee.

In the experiments outlined in Section 5, ACS is evaluated in Figure 13. On both MIMIC-CXR
and CoQA with a nominal FDR of 0.25, ACS achieved the highest power out of all methods whilst
satisfying the FDR constraint. On TriviaQA with a nominal FDR of 0.25, ACS achieved the 2 nd

lowest power out of the other three methods and variants, though it satis�ed the FDR constraint.

Table 4: Performance of conformal selection methods. EFDR and power are reported as rates,
where EFDR � target FDR is better, and power = 1 is best; for metric de�nitions see Section 5,
Table 2. The target FDR was � = 0:25 for all results reported in this table.

Ref Conformal
Method

EFDR Power " Performance Notes

[81] Conformal
alignment

0.214 0.890 Mean across 2 LLMs � 2 datasets using jDj = 2000
with logistic regression as alignment predictor.

[81] Conformal
alignment

0.234 0.604 On MIMIC-CXR with the same as above.

[102] COIN-CP 0.224 0.844 Using Clopper-Pearson upper con�dence bound.
EFDR: mean across 5 LLMs � 2 datasets. Power: mean
across 4 LLMs � 2 datasets.

[102] COIN-HFD 0.203 0.808 Using Hoeffding-style upper con�dence bound with
same as above.

[109] ACS 0.232 0.894 Mean across 2 LLMs � 2 datasets using ACS with
adaptive model selection and N = 1000.

[109] ACS 0.245 0.620 On MIMIC-CXR with the same as above.
[76] OptCS-Homo 0.245 0.550 Using OptCS-Full-MSel with homogeneous pruning in

setup 2 (stable model selection under many comparable
candidates) on MIMIC-CXR.

[76] OptCS-Hete 0.231 0.429 Using OptCS-Full-MSel with heterogeneous pruning
with same as above.

[84] SGenSemi 0.090 0.502 Mean across 2 LLMs with jZU j = 10K. We consider
FDR-E as a proxy to EFDR and ef�ciency as a proxy to
power.

[115] OCS-ARC 0.200 0.940 Averaged over 100 runs, reported at timestep = 200
(online setting) on TriviaQA. EFDR is averaged FDP.

9. Conformal Abstention
This section covers conformal abstention methods illustrated in Figure 2. Figure 14 is an example
LLM interaction where conformal abstention would be appropriate.

Standard split-conformal methods enforce a single global risk level, which imposes the same
coverage-informativeness trade-off on every input. This static setup does not always align with
the highly variable uncertainty patterns of LLMs, where some instances warrant con�dent
point predictions while others should produce prediction sets or fully abstain from generating
an answer. Conformalised abstention policy (CAP) combines the split-conformal framework
with reinforcement learning to learn an instance-conditional abstention policy [89]. Rather than
�xing a single �, CAP learns per-input risk parameters (�; �) that govern a dual-threshold
conformal mechanism. This lets the model choose among three actions; return a point prediction,
return a prediction set, or abstain. The policy is optimised with REINFORCE against a utility-
driven reward that balances accuracy, set size, abstention cost, coverage, and exploration. In the
experiments outlined in Section 5, CAP is evaluated in Figure 6a. On MMLU at a target coverage
of 90%, CAP ranked 7th in terms of lowest APSS out of the eight other methods, and had a slight
overcoverage of � 2%. A limitation is that it introduces additional optimisation complexity.

Prior conformal abstention methods for open-ended generation typically assume that, for
every question, repeated �nite sampling will eventually produce at least one admissible or
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Figure 14: Conformal Abstention addresses settings in which the language model cannot provide
a reliable answer, such as when the context is ambiguous or the task domain falls outside of the
model's parametric knowledge. In such cases, the model abstains from responding rather than
generating a plausible but non-factual answer (a hallucination). The green check mark indicates
that the answer is correct, and the red cross indicates that it is incorrect.

correct answer. This is unrealistic in open-ended settings, where the output space is unbounded
and some questions may simply be beyond a deployed LLM's capabilities under the allowed
sample budget. Ignoring this feasibility means calibrated sampling budgets can fail to control the
intended test-time coverage risk. In addition, when a candidate set does contain an admissible
answer, it often also contains hallucinated, irrelevant, or low-quality distractors; leaving the end
user to disambiguate between the outputs, which is inconvenient and unhelpful.

SAFER, a two-stage framework combining abstention-aware sampling budget calibration
and conformalised �ltering, is proposed to jointly solve both issues [133]. Given calibration
data Dcal = f(x i ; yi )g

N
i=1 and a deployed LLM F : X ! Y, for each question x i 2 X , the LLM

can sample up to M candidate answers fŷ j
i gM

j=1 . An answer ŷ j
i is considered admissible if it

satis�es A(ŷ j
i ; yi ) � �, where A : Y � Y ! [0; 1] is a task-speci�c relevance function and � is a

user-speci�ed correctness threshold. Several admissibility criteria, including sentence similarity,
Rouge-L, bidirectional entailment, and LLM-based semantic evaluation, may be considered.
SAFER introduces two user-chosen risk levels:

• �, the maximum allowable miscoverage rate of the sampling set, and
• �, the maximum allowable miscoverage rate introduced by the �ltering step, conditional

on the sampling set containing an admissible answer.
In stage one, a maximum sampling cap M is �xed. For each calibration question and each
candidate sampling budget b � M, SAFER counts how many calibration points fail to produce
any admissible answer within the �rst b samples,

m̂ cal (b) =
NX

i=1

1(8ŷ 2 fŷ j
i gb

j=1 ; A(ŷ; y i ) < �): (9.1)

This yields the empirical miscoverage rate r̂ cal (b) = m̂ cal (b)
N . Rather than treating r̂ cal(b) itself as

the risk estimate, the Clopper-Pearson exact method is applied to derive an upper con�dence
bound on the true miscoverage rate �,

R̂+ (b) = sup
�

R : P
�
Binom(N; R) � dNr̂ cal (b)e

�
� �

	
: (9.2)

If no such b̂ exists even at M, then SAFER abstains from answering. The calibrated minimum

statistically valid sampling budget is b̂ = inf
n

s 2 f1; : : : ; Mg : R̂+ (b) � �
o

.



48

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

In stage two, SAFER �lters the b̂-sized candidate set using a calibrated uncertainty threshold.
First, it forms a subset of calibration examples for which admissible answers are actually

obtainable under budget b̂, Dcal (b̂) =
n

(x i ; yi ) 2 D cal : 9ŷ 2 fŷ j
i gb̂

j=1 such that A(ŷ; y i ) � �
o

:

Therefore, only examples for which the sampling stage succeeds are used to calibrate the �ltering
stage. For a threshold t, SAFER de�nes the �ltered set for each calibration sample (x i ; yi ) in

D cal (b̂) as Ct (x i ) =
n

ŷ 2 fŷ j
i gb̂

j=1 : s(x i ; ŷ) � t
o

, where s(x i ; ŷ) is an uncertainty score calculated

as the accumulated toke-wise entropy over the generated sentence ŷ. Using conformal risk
control, the loss for calibration point (x i ; yi ) at threshold t is L i (t) = 1(8ŷ 2 C t (x i ); A(ŷ; y i ) < �).
The uncertainty threshold t is then determined as

t̂ = inf
�

t :
N 0L N 0(t) + 1

N 0+ 1
� �

�
; (9.3)

where N 0 is the size of Dcal (b̂), and LN 0(t) = 1
N 0

P N 0

i=1 L i (t) is the average loss over all samples
in the calibration subset. Combining the guarantees from both stages yields an overall high-
probability guarantee: with con�dence at least 1 � �, the probability that none of the retained
answers are admissible is bounded by � + � � ��, where � is the signi�cance level (i.e., 0.05).

SAFER has some limitations. It relies on the assumption of exchangeability between the
calibration and test data, the �ltering stage still depends on the quality of the chosen uncertainty
heuristic U(�), and the framework is computationally heavier due to repeated sampling up to M
times per input and calibration over multiple candidate budgets s, which could increase LLM
inference costs. In the experiments outlined in Section 5, SAFER is evaluated in Figure 6b. On
TriviaQA at a target coverage of 90%, SAFER achieves the joint 6th lowest APSS out of the seven
other methods and their variants, with a slight overcoverage of � 1.7%.

10. Conformal Factuality
This section covers conformal factuality methods illustrated in Figure 2. The overall section is
outlined as follows. Section 10(a) examines the principal marginal conformal factuality methods
for LLMs, Section 10(b) group-conditional conformal factuality, Section 10(c) distribution-shift-
aware conformal factuality, and Section 10(d) conformal factuality with retrieval-augmented
generation (RAG). The performance of all methods is reported in Table 5, and Figure 15
demonstrates the conformal factuality procedure for biography generation.

(a) Marginal Conformal Factuality

Conformal factuality is a principled approach to assessing the factuality of LLMs in generative
settings such as open-ended QA. The output space in such settings is enormous, with many
semantically equivalent responses. In some cases, the prediction set may be intractably large,
and in others, may not even contain the correct answer to the question. Rather than an explicit
set of candidate completions, the objective for conformal factuality is to construct a prediction set
implicitly as the set of all statements that entail a language model's output, where this entailment
set satis�es a conformal guarantee. In this way, one may estimate the factuality of claims in long-
form answers to open-ended questions, �ltering out unsubstantiated claims, while guaranteeing
at a user-speci�ed error level a that the retained claims are factual.

Conformal factuality [65] is proposed. Let input x 2 X be mapped by an LLM L to an output
y� 2 Y. Correctness is de�ned relative to a reference answer or knowledge source y 2 Y using an
entailment relation y ) y � . The target guarantee is given by P

�
y� is factual and correct

�
� 1 � �,

for the user-chosen � 2 (0; 1). The entailment set is de�ned as E(y) := f y 02 Y : y 0) y � g so that
correctness of y� is equivalent to the event y 2 E(y � ). The split-conformal framework therefore
becomes the mechanism by which the model selects how much it should hedge from its original
answer to remain factual overall. This is done by �rst introducing a family of hedging functions
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Figure 15: Conformal Factuality promotes reliable LLM-generated responses by decomposing
long-form text into atomic sub-claims, �ltering out non-factual claims, and merging the retained
claims back into a coherent response for the end user. In this example, factual and retained claims
are highlighted green, non-factual claims which are rejected are highlighted red. The green check
mark indicates that the answer is correct.

Ft , indexed by threshold t 2 T � R, where increasing t makes the output less speci�c by removing
uncertain content. As such, the level of detail is diluted to ensure correctness.

A strictly safe conformal score is de�ned as r(x; y) = inf
�

t : 8j � t; y 2 E(F j (x))
	

. Using the
split-conformal framework, the empirical quantile q̂ � of calibration scores f(x i ; yi )g

m
i=1 is chosen

and outputs F q̂ � (x; L(x)), yielding �ne-sample marginal guarantee, P
�
yn+1 2 E(F q̂ � (x m+1 ))

�
�

1 � �, under an exchangeability assumption over calibration and test samples. The standard
conformal guarantee is now expressed as a guarantee on the correctness of model-generated text.

In the experiments outlined in Section 5, conformal factuality and partial conformal factuality
are denoted CF and pCF, respectively. In Figure 16a, CF is evaluated on MedLFQA for both
marginal and conditional target factuality of 90%, and in Figure 16b, CF is evaluated on Wikipedia
Biographies for a conditional target factuality of 90%. In Figure 16c, CF and pCF with frequency
scoring are evaluated on MATH for marginal target factualities of 90% and 99%, respectively,
and in Figure 16d, CF and pCF with frequency scoring are evaluated on FActScore and Natural
Questions for a marginal target factuality of 90%. On MedLFQA for marginal factuality, CF meets
the target, but for conditional factuality on both MedLFQA and Wikipedia Biographies, it fails
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by � 2-3%. For claim retention on MedLFQA, CF retains � 26% of claims, and on Wikipedia
Biographies, � 79% of claims; this indicates that performance can be very dependant on the
dataset evaluated on. On MATH at both target factualities, FActScore, and Natural Questions,
both CF and pCF achieved the target factuality in all instances. For claim retention, on MATH
at 90% pCF retained 12% more claims than CF, but on MATH at 99% and Natural Questions,
both methods retained the same number of claims. On FActScore, pCF actually retained 18% less
claims than CF, indicating that whilst in some cases the partial factuality setting can improve
claim retention, in others it either has no effect, or can degrade claim retention.

A limitation many conformal factuality methods is that they treat atomic sub-claims as if
they can be judged independently. This is unreasonable for reasoning tasks such as mathematics,
where a step may be locally true or false only relative to the claims that precede it. A conformal
�lter that erases an earlier step can leave later steps unsupported, such that the resulting answer
may still satisfy `independent factuality' while becoming logically incoherent. Another notion
of factuality called `coherent factuality' is proposed to preserve not only the truth of retained
claims but also the internal structure of reasoning [67]. Consider the steps to solve an algebraic
expression; independent factuality removes explicitly false steps but leaves a later algebraic step
that references a deleted premise, producing a �nal answer that is no longer understandable or
justi�ed. Therefore, correctness in reasoning tasks should be judged at the level of an ordered
argument, not as a bag of individually factual claims.

In the experiments outlined in Section 5, coherent factuality with sub-graph �ltering using
graph-independent scoring (denoted coherent-SGF) and coherent factuality using descendants
weight boosting (denoted coherent-DWB) are evaluated in Figure 16c. On MATH at a target
factuality of 90%, both coherent variants meet the target, but coherent-DWB retains 11% less
claims than coherent-SGF. However, on MATH at a target factuality of 99%, coherent-DWB retains
29% more claims than coherent-SGF, whilst both coherent variants meet the target factuality.
This is signi�cant because conformal guarantees can always be achieved trivially by rejecting
almost all claims; this prove that graph-guided �ltering avoids this degenerate regime. On MATH
we compare the coherent variants to conformal factuality (denoted CF) and partial conformal
factuality (denoted pCF) both with frequency scoring.

Coherent factuality has some limitations. Firstly, the guarantee is marginal validity rather
than conditional, and it assumes exchangeability and therefore is not robust to distribution
shift. Secondly, the inherent subjectivity of ground-truth and deduction is limiting; whether a
step counts as justi�ed depends on the annotator and the problem context. A simple arithmetic
manipulation might be implicit in one setting and essential in another, and similarly, what can be
assumed from the question context varies across domains. Therefore, `coherent factuality' is not
an absolute property of a reasoning trace but one de�ned relative to a human judgement protocol.
While philosophically unavoidable, it does constrain the universality of the guarantee.

(b) Group-conditional Conformal Factuality

Conditional boosting and level-adaptive conformal prediction [79] are proposed to address
two of these limitations of conformal factuality [65]. Firstly, the guarantees are only marginal,
and at high factuality often remove many valid claims due to imperfect scoring functions.
Secondly, it provides formally valid but overly censored outputs that have limited user value.
The proposed methods extend conformal factuality to group-conditional validity and introduce
score optimisation for better claim retention.

The authors model an LLM response R i for a prompt P i as a set of parsed claims Ci =:
fC ij gk i

j=1 with binary labels W i indicating the underlying factuality of each claim. A �ltered
output is then de�ned by retaining only claims whose con�dence scores exceed a calibrated
threshold. Speci�cally, the �ltering rule is F̂ (C i ) := F (C i ; �̂ ) = f C ij : p(Pi ; Cij ) � �̂ g, where p is a

claim-scoring function and �̂ is the d(1��)(n+1)e
n+1 -quantile of the conformity scores on a calibration

set of n prompt-response-claim-annotation tuples, f(P i ; R i ; Ci ; Wi )g
n
i=1 . For a monotone loss L,

the conformity score is s(C i ; Wi ) = inff �̂ : L(F (C i ; �̂ ); W i ) � �g for a user-chosen tolerance �.
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